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Abstract
The numerical simulation of the cracking process remains one of the most signif-
icant challenges in solid mechanics. Compared classical approaches, peridynamics
(PD) has some attractive features because the basic equations remain applicable
even when singularities appear in the deformation. Numerical time-integration plays
a big role in any computational framework and unlike explicit time-integration, im-
plicit time-integration methods can be much more efficient because of the ability to
adopt fairly large time increments, making it a suitable option for PD analyses of
large deformation problems. The objective of this thesis is to propose an implicit
non-ordinary state-based peridynamics (NOSB PD) approach focusing on quasi-
static analyses with large deformation mechanics. Firstly, the use of the adaptive
dynamic relaxation (ADR) method as a solution strategy for quasi-static analyses
with large deformation mechanics is discussed. Next, an analytical expression of
the Jacobian matrix based on the equation of motion of NOSB PD is formulated
to ensure optimum convergence of the global residual force. To address some insta-
bility issues in the existing “corresponding material” model, caused by zero-energy
modes instability, recent approaches proposed by Silling (2017) are used to control
the spurious deformation modes. An additional stabilisation term with respect to
displacement is included in the derivatives for Jacobian formulation. This allows a
more accurate NOSB PD approach to model material behaviour where correspon-
dence materials have previously failed due to instability. Finally, to validate the
proposed methodology, several numerical examples of 2D damage problems model
using a stabilised correspondence model are verified, and suggestions are made for
future implementation. The novelty of this thesis lies in providing theoretical devel-
opment and numerical implementation of an implicit non-linear NOSB PD focusing
on quasi-static analyses with large deformation mechanics. Findings from this the-
sis will interest researchers working in numerical methods, along with those solving
discontinuous solid mechanics problems.
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Various problems in solid mechanics involve the existing and spontaneous formation
of discontinuities that may emerge in a body such as cracks. Over the past few
decades, researchers from all over the world have proposed many numerical meth-
ods to model crack problems, ranging from the evaluation of stress intensities due to
existing cracks to the modelling of complex crack propagation. However, despite the
development of several numerical approaches for modelling crack initiation and pre-
diction of its growth in materials, it is still considered as one of the most challenging
problems in the case of classical continuum mechanics (CCM). Although power-
ful, the main difficulty within the realm of CCM lies in the formulation, where the
classical theory is formulated using spatial partial differential equations (PDE). This
introduces a limitation to the classical theory, as the stresses at the fracture surfaces
are mathematically singular, spatial derivatives by definition, lose their meaning or
are not valid in the presence of discontinuities [1].
The numerical method that has been most widely used in solid mechanics is the
Finite Element Method (FEM). However, the method has a limitation of solving
problems with continuous spatial variation; FEM is less accurate in the treatment
of discontinuous problems which, if the discontinuity propagates, require continuous
remeshing of the physical domain so that the mesh conforms with the discontinuities.




An alternative to the conventional numerical methods which has gained much
interest are known as meshfree or meshless methods which do not rely on meshes for
their numerical solution. These methods have attracted much attention in recent
years, as the term "meshless" or "meshfree" indicates that a set of particles is used to
eliminate the mesh and thus can eliminate the mesh distortion problem and enable
the modelling of crack propagation in a straightforward manner [3]. Since a set of
discretised particles can model a growing crack, the analysis can be simplified since
the remeshing process can be avoided, and in addition it does not suffer from mesh
distortion in large deformation analyses [3, 4].
Peridynamics (PD) is a meshfree method based on non-local continuum theory,
which Silling [5] initially introduced as an approach to deal with material failure.
It is a novel numerical method that has been developed in integral form and takes
into account long-range interactions, making it well suited for fracture mechanics
problems. The PD theory is a reformulation of the solid mechanics equations of
motion, and the advantages are apparent as it uses spatial integral equations and
does not require spatial derivatives to be determined at discontinuities. PD still
employs displacement in its formulation, but the difference between PD theory and
CCM is that PD utilises displacement without spatial derivatives. As a result,
sharp corners and spontaneous fracture propagation can be modelled easily since
the governing equation of PD is well-posed even on fracture surfaces. PD methods
have advantages over the previously developed classical methods for the following
reasons:
(i) PD has been attractive as the governing equation employs an integral form
rather than a PDE. In PD, the equation of motion is reformulated from the
differential forms of the classical governing equation. One of the features of PD
that classical theory does not seem to have is that the governing equations of
motion accept the existence of discontinuities within the domain. Thus, no ex-
clusive techniques are needed to handle the case of particles located throughout
the length of interfaces which enables proponents of PD to state, for instance,
[5]: "a potential advantage for solving practical problems in which these discon-
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tinuities form spontaneously or grow along trajectories not known in advance".
(ii) Damage and failure zones are presented naturally in PD formulation, as in the
concept of bond failure (i.e. bond breakage) when a specific failure criterion
is satisfied. For example, bond failure occurs when the stretch value exceeds
the prescribed critical stretch value, and this allows removal of the bond in-
teractions. The bond failure is then used as the fundamental unit of damage.
No external crack growth criteria to guide the crack or specify its propagation
behaviour is needed, therefore, as stated in [5]: "the reformulated approach
permits the solution of fracture problems using the same equations either on or
off the crack surface or crack tip".
(iii) Numerous studies have attempted to demonstrate that PD is an extremely
reliable formulation to model a wide range of fracture phenomena, including
coalition of multiple cracks, crack evolution, crack branching and crack curv-
ing, areas where traditional FE-based methods struggle [6–9]. These fracture
phenomena are autonomously generated in PD by a failure criterion.
(iv) PD is a non-local continuum theory, and this non-local character of PD pre-
scribes that each particle interacts with its neighbours within a given distance.
This non-local continuum theory introduces a characteristic length-scale of in-
teraction into the continuum description; the latter is called the horizon, which
allows consideration of different horizon sizes within the same domain. PD for-
mulation allows multi-scale analysis involving intrinsic length scales which can
be linked to macro-scale modelling and micro or nano scales, as in the state-
ment from [10]: "one is led to the conclusion that a continuum model that
permits a finite length scale for force interactions could potentially be highly
relevant to current trends in technology".
(v) In PD, the nature of the failure can be modelled spontaneously without compu-
tationally expensive remeshing techniques, and this primary feature manifests
the potential of PD theory as a practical and encouraging method for analysing
the continuous damage and failure of structures as mentioned in [11]: "fracture
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is treated as a natural outcome of deformation that emerges according to the
equations of motion and constitutive model".
Since its inception in 2000 as an alternative method in handling discontinuities in
solid mechanics, numerous advances have been made using PD methods, particularly
in the last decade, including a non-ordinary state-based peridynamics (NOSB PD)
method. With PDs unique capability in capturing failure, much of the research that
has taken place has focused on crack growth modelling. In the context of NOSB
PD, researchers have focused on the modification of the PD equation to remove
the deformations induced by spurious zero-energy modes. It is also interesting to
note that the majority of previous PD research has used explicit time-stepping
formulations. Three further points that have gained less attention than they might
otherwise have done are described below:
• The NOSB PD theory has several drawbacks, including the instability prob-
lem, which leads to spurious zero-energy modes. Recent contributions have
included attempts to control these modes. Recently, Silling has introduced a
stabilised "correspondence" material model which satisfies the stability con-
dition. However, this stabilised correspondence material model has not been
studied in the context of the elimination of zero-energy modes for large defor-
mation or implicit NOSB PD.
• PD is chosen for its potential advantage to solve practical problems including
large deformation problems with geometrically non-linear response, especially
where the discontinuities occur. This requires constitutive relationships be-
tween the rate of stress and the rate of strain in the body. However, an
incorrect formulation could lead to lack of convergence to equilibrium within
each step and unable to converge towards large deformation solutions.
• It is interesting to note that the focus of the majority of previous PD research
has used explicit time-stepping approaches. While some work has been done
on implicit approaches to PD, it is limited to the development and numerical
implementation of a small strain linearly elastic material model. Specifically,
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to date, there has been no implementation of an implicit large deformation
NOSB PD method to the author’s knowledge.
1.2 Scope and Outline
This thesis attempts to focus on the theoretical derivation, numerical development
and implementation of an implicit approach of NOSB PD for large deformation
problems. Within this remit, one of the primary aims of the thesis is to demon-
strate the capability of PD in handling large deformation problems. This thesis also
extends the formulation to include the study of crack propagation problems. This
thesis consists of the following chapters, which can be split into four main sections:
• The first section will deliver the related background details for the research.
Furthermore, the basic principles of the PD which will then be expanded fur-
ther throughout the thesis.
Chapter 1 includes a general introduction of the thesis, including the mo-
tivation of research of the choices of PD, advantages of PD and scope and
overview of the thesis.
• The second part of this thesis demonstrates the essential tools which will then
be used in the remainder of the thesis:
Chapter 2 initially covers a literature review of PD since its inception as well
as other numerical methods being used to analyse fracture modelling. The
fundamental explicit bond-based peridynamics (BB PD) formulations are then
reviewed, including five different damage criteria, as a foundation for the next
chapters. An explicit BB PD algorithm is described in detail. The chapter
closes with a numerical example using BB PD formulation with explicit time
integration.
Chapter 3 is concerned with NOSB PD with explicit time integration. The
chapter presents the necessary concept of NOSB PD, together with the NOSB
PD formulation and numerical examples. An Adaptive Dynamic Relaxation
(ADR) approach for PD is also proposed, allowing for the application of ex-
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plicit time-stepping schemes to quasi-static analysis. An explicit NOSB PD
implementation algorithm with and without ADR is given, leading to veri-
fication against some numerical examples. A framework for the NOSB PD
analysis is extended to model damage without a pre-existing crack.
• The main part of this thesis is concerned with the development and imple-
mentation of NOSB PD with implicit time integration. Every chapter here
will begin by expanding the principle outlined in the previous chapters, which
will lead to an implicit NOSB PD method being developed. This approach is
then certified using numerical examples with analytical solutions. Every algo-
rithm, theoretical derivation, differentiation, numerical implementation, and
calibration in every developed NOSB PD is explained in detail.
Chapter 4 develops an implicit NOSB PD approach based on a numerically
built tangent stiffness. It is shown through comparison with explicit NOSB PD
that implicit time integration has significant advantages in terms of the shorter
run-time. The run-time and error associated with the numerical examples with
implicit time integration, over an explicit time integration are demonstrated.
Chapter 5 presents an analytically constructed tangent stiffness in large de-
formation with quasi-static problem of an implicit NOSB PD. The computa-
tional simulation of the development of the NOSB PD Jacobian matrices with
a constitutive correspondence material model for both the standard and sta-
bilised versions [12] is given in this chapter. Finally, the chapter illustrates the
method’s capabilities, and the effect of changing the stabilisation parameters
to the formulation accuracy will also be tested with varying horizon sizes and
particle spacing.
Chapter 6 provides further development of the proposed implicit method
for modelling crack propagation. This section provides an implicit solution
method for quasi-static crack propagation for the first time on NOSB PD. A
damage model is proposed to ensure the optimum convergence of the global
equilibrium equations together with the stabilised NOSB PD with an analyt-
ically constructed Jacobian matrix. The details of the pragmatic approach
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specifying a degradation function in the interaction of the bond are given, and
the framework is verified with numerical examples.
• The last section of the thesis provides a conclusion.
Chapter 7 summarises all the research work in this thesis. The final section
in this thesis provides some recommendations as to future directions that have
the potential to be explored.
A development of NOSB PD for large deformation with an implicit time integra-
tion scheme is the main contribution in this thesis. The construction of the Jacobian
matrix based on the analytical expression of the equation of motion of NOSB PD
is proposed (for the first time in the author’s paper). Since NOSB PD suffers from
zero-energy modes, an attempt to include modification of the correspondence mate-
rial model in eliminating zero-energy modes is made, based on the introduction of
an additional term added to the PD force. This new proposed implicit NOSB PD
models large deformation problems with varying horizon sizes and particle spacing
in different problems.
1.3 Notation
In the interest of compactness and clarification, the author demonstrates the ma-
jority of quantities throughout the thesis in both index and matrix/vector notation.
All analyses in this study were coded and run in MATLAB 2015b software using an
Intel Core i5, CPU @ 2.40 GHz unless otherwise specified. The author chose MAT-
LAB for its advantages in easy to implement, modify and debug the computational
codes spontaneously.
The run times stated in the numerical examples are the average times over three
measurements. There was no emphasis on optimising specific algorithms or paral-




Peridynamics (PD) is a relatively new development of continuum mechanics and
has established itself as a promising computational method for application in solid
mechanics involving the spontaneous formation of cracks or discontinuities. This
chapter will include an overview of the computational methods for fracture mod-
elling and developments in PD since its inception, in Section 2.1 and Section 2.2,
respectively. The basic bond-based peridynamics (BB PD) formulations are intro-
duced in Section 2.3 as a base for later chapters in this thesis, followed by different
PD damage criteria available in the literature in Section 2.4. An example is used to
demonstrate the BB PD formulation in Section 2.5, and finally, the last section of
this chapter, Section 2.6 presents an observation of this whole chapter.
2.1 Numerical methods for fracture modelling
The numerical method that has been dominated the realm of computational analy-
sis of structures and solid mechanics is the well-developed Finite Element Method
(FEM). Despite its many successes, FEM has a limitation of solving problems with
continuous spatial variation. FEM faces problems in the treatment of discontinuities
problems where a crack can only propagate along the interface of elements which
require continuous remeshing of the physical domain so that mesh conforms with the
discontinuities. This process leads to additional complexity in computer program-
ming, further increasing the computational cost and degrading the solution accuracy
8
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[2, 13–15]. Besides, FEM can become impractical when a large number of remesh-
ings is necessary to model large deformation. The arbitrary Lagrangian-Eulerian
method is more effective in reducing the mesh distortion and reduce the remeshing
overhead in terms of accuracy in FEM. However, it still cannot completely prevent
remeshing, and the corresponding remaping of the state variables [16].
The extended finite element method (XFEM) has been introduced based on FEM
as a way to model crack growth without remeshing during the crack propagating
process [17–20]. It does this by introducing discontinuous enrichment functions to
approximate the displacement. This means, the cracks can propagate independently
from elements and the crack opening value can be obtained through the enrichment
functions [21]. The capability of the XFEM to gain better convergence of curved
cracks by using high order enrichment functions or elements were highlighted in
[22, 23]. However, XFEM is a highly enrichment dependent method and proper
modelling techniques are needed for capturing crack-tip singularities in fracture me-
chanics problems. The simulation of multiplied fractures with XFEM is also cum-
bersome due to the need for multiple jump enrichment functions on the elements
that feature crack intersections to track the kinematics of crack opening, and the
need to track all of the crack lines/surfaces using some method (such as level sets)
[24, 25]. An alternative to finite element based techniques is to use meshfree or
meshless methods. Recently, advances in the development and application of these
techniques show they can be strong competitors to the FEM [26].
A growing crack can be modelled using a set of particles, and remeshing is
avoided. One of the earliest meshless method (MM) that has been proposed is
the Smooth Particle Hydrodynamics (SPH) method originating about forty years
ago by Lucy [27]. In terms of discretisation, SPH is similar to PD however, in
SPH the partial differential equations are transformed into an integral equation
using interpolation functions [28] while PD completely removes partial differential
operators by relying on integration. The idea of SPH is that particles have a spatial
distance known as the smoothing length, over which a kernel function smoothes
their properties. SPH has been used to model fracture [29, 30], however, SPH is not
flexible enough to support crack branching and the significant drawbacks of SPH
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are that the shape of the kernel can affect results. SPH also suffers from a numerical
problem called tensile instability that manifests itself as a bunching of particles and
formation of artificial voids [31] and there are significant issues in modelling certain
boundary conditions for solids.
The element-free Galerkin method (EFGM) [32] is a weak-form based MM that
has been applied to solve static and dynamic crack problems in [26, 33, 34], where
separate description of crack geometry is still necessary by using either lines (2D)
or surfaces (3D). The level set method, which is normally used to describe evolving
surfaces, was introduced into the EFGM to model crack geometry in [35–37].
Another example of particle-based numerical simulations is the Discrete Element
Method (DEM) [38–41]. In DEM, particles represent a physical object and the
interaction between particles is modelled using contact laws instead of a weak form.
DEM has been used for the investigation of particle crushing [42–45]. However,
unlike PD methods, this method is used for discrete modelling and fundamentally
replaces a continuum by a discrete medium. DEM is closely related to molecular
dynamics [46, 47] and was developed for materials that are comprised of particles,
for example, soil and rocks. One of the fundamental characteristics of particle
simulation is that every particle can interact with every other particle in principle,
this means two parts of the body that were not in contact at the beginning can come
into contact at the later time during the ongoing analysis.
The phase-field method, which has of late attracted interest, has the ability to
predict spontaneous emergence and propagation of cracks with the added attraction
of mathematical simplicity [48] and can be combined with any continuum method.
The concept can be used to model cracks as interfaces of intact and broken material,
and the crack phase-field describes the transition zone. The phase-field has been
used for a large number of problems [49–51]. However, the calculation and the
evolution of the phase-field during crack propagation increases the computational
expense. The phase-field method is perhaps the key competitor to PD for fracture
mechanics at present. However, in the phase-field method, the crack is considered
as diffuse damage instead of a sharp discontinuity [52]. Another key disadvantage of
the phase-field method is the link between the phase-field transition length and the
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mesh size. In comparison to these methods, the inspiration in PD development is
that the fracture process is modelled naturally as the cracks initiate and propagate
via bond breakage, leading to progressive failure. Therefore, PD can simulate any
new crack behaviour and model complex fracture pattern without any modification.
2.2 Review of the peridynamics (PD) method
In the light of the inadequacies of classical local theory, PD theory was introduced
by Silling [5] in 2000, as a non-local reformulation of the solid mechanics equations
of motion to handle solid mechanics problems involving discontinuities. PD theory
is relatively new and stands in contrast to the classical formulation as it uses spatial
integral equations rather than differential equations as with conventional continuum
analyses. The advantages of this approach are apparent as the governing equation
is in an integral form and, since no spatial derivatives are required, it offers an ad-
vantage as a promising technique to be used when modelling spontaneously emerged
discontinuities without special remedial or remeshing techniques [1, 53]. As a re-
sult, autonomous crack initiation, propagation and branching can be captured easily
and naturally without any simplifying assumptions or other separate damage law,
which is normally needed in other approaches [1]. The word peridynamics derived
from the Greek word peri meaning near or surrounding and the Ancient Greek word
dunamis referring to the force, alluding to the force exerted by surrounding particles
[5, 54]. PD is a long-range (non-local) theory and can be captured as a transition
from the classical local theory of continuum mechanics to molecular dynamics as
demonstrated in Figure 2.1. Non-local continuum field theories in continuum me-
chanics have been proposed in [55–59] that consider the effects of finite distance
interactions. Similar to non-local theories [55–59], the PD method employs dis-
placement in its formulation but it differs from the classical continuum method in
that PD utilises displacement without considering its spatial derivatives within the
statement of equilibrium.
Peridynamics (PD) is a continuum theory, where interactions occur between
particles representing a portion of the continuum which are separated by a finite
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distance. The change of state at a particle is influenced by the states of particles
that are at some finite distance away [60]. As illustrated in Figure 2.1, in the local
continuum model, the interactions of particle x is limited to the nearest neighbour
particles, located in its immediate proximity. In contrast, in PD, the state of a
particle is influenced by particles located within a region of the finite radius or
particle’s “horizon” denoted by δ. For example, the value of force at a particle is
influenced directly by the values of the field in the neighbourhood of that particle.
With the region of finite radius close to infinity, the theory can be thought of as
the continuous version of the molecular dynamics model. Conversely, as the horizon
approaches zero, PD theory converges to local classical continuum mechanics [10, 61,
62]. However, naturally, one would use PD models for problems that are difficult or
impossible to solve using the CCM and not for problems for which classical models
already provide satisfactory results [63].
(a) Local continuum model (b) Non-local continuum model
(c) Molecular dynamics
Figure 2.1: Graphic representation of: (a) local continuum models, (b) non-local
continuum models and (c) molecular dynamics (reproduced from [1])
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2.2.1 Bond-based peridynamics (BB PD)
Bond-based peridynamics (BB PD) is the original version of PD formulation de-
veloped by Silling in 2000 where the interactions between particles act like spring
forces and only depend on the relative position and relative displacement of the
interacting particle pairs [5]. This means that the connection of two particles is
insensitive to the states of other particles. One of the earliest paper that employed
the BB PD, written by Silling and Askari [53], presented the numerical simulation
of a predicted crack tip growth with the variations in particle spacing. The dam-
age contours due to the impact of a sphere on a brittle solid were also investigated.
However, the BB PD scheme is restricted to constitutive models with fixed Poisson’s
ratios: ν of 1/4 for plane strain and 3D problems and 1/3 for plane stress conditions
[64]. Another drawback to this BB PD model is the requirement to completely re-
cast the constitutive behaviour of a material in terms of a pairwise force function
when traditionally material behaviour has been formulated in terms of a stress ten-
sor [65]. As a consequence, although plasticity can be included in the bond-based
theory by permitting permanent deformation of individual bonds, plastic incom-
pressibility condition cannot be captured directly with the BB PD [66] because the
materials are undergoing volumetric strain without shear [65]. In order to remove
the constraint on Poisson’s ratio, Gerstle et al. [64] proposed a specific constitutive
micropolar peridynamics model by considering not only pairwise forces but also the
pairwise moments in the BB PD formulation. This overcomes the limitation in the
original BB PD for isotropic linear elastic materials by allowing the simulation of
Poisson’s ratios between −1 and ∞. Since BB PD is comparatively simple to be
implemented, BB PD formulation method has been employed to study a variety of
mechanical systems and applied to investigate some solid fracture problems. For ex-
ample, fracture analysis of plain and reinforced concrete structures has been studied
by Gerstle et al. [64, 67–69] and fracture in rubbery sheets by Silling [11]. On the
other hand, Dayal and Bhattacharya [70] studied the kinetics of phase transforma-
tions using BB PD formulation. The BB PD model has also been applied to the
simulation of dynamic fracture in the materials [63, 71–73]. It was seen that the
dynamic crack propagation phenomenon is well captured and the crack propagation
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speed is unaffected by the size of the non-local interaction. It is also shown in [63]
that the location of crack branching is independent of the horizon size. However,
it was also shown in [74] that the crack propagation speed depends on the horizon
size. Ha and Bobaru [74] investigate the characteristics of dynamic brittle crack
propagation branching, and it was identified that the fracture phenomenon is very
sensitive due to the effects of impurities and material inhomogeneities. A further
extension of the BB PD was made by Huang et al. [6, 75] through the introduction
of local damping into the PD equation of motion where it was concluded that the
magnitude of the local damping does not influence the accuracy. However, it does
affect the convergence rate [75]. Recently PD has been employed for damage anal-
ysis in isotropic solids which includes quasi-static failure [64, 76, 77]. Liu and Hong
have proposed another attempt [78] to remove the restriction on Poisson’s ratio by
introducing a force compensation scheme adding additional forces on each pairwise
force between particles. However, errors are seen to increase in the results of strain
as the horizon increases [78]. Throughout its development, the BB PD has been
successfully used in a wide range of application including the dynamic fracture of
homogeneous and heterogeneous bars [79], failure of concrete structures [64, 80–82],
composites [11, 53], composite laminates [83–86] and crack branching [74]. The BB
PD formulation has also been used to model fracture of polycrystals [87], quenched
glass [81] and impact damage [53, 88–91]. In addition, coupling between the BB
PD model and classical continuum models has been performed in [10, 85, 92–96] for
multi-scale failure analysis. An important extension of BB PD, the non-ordinary
state-based peridynamics (NOSB PD) formulation introduced by Silling et al. in
[66], is a generalisation of the BB PD framework and is the subject of the next
section.
2.2.2 Non-ordinary state-based peridynamics (NOSB PD)
method
PD formulations can be categorised into BB PD and state-based peridynamics (SB
PD) [66, 97]. SB PD allows the response of a given particle to depend on the collec-
tive deformation of all bonds that are within a finite distance. SB PD formulations
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can be further classified as ordinary state-based peridynamics (OSB PD) and non-
ordinary state-based peridynamics (NOSB PD) depending on the modelling of the
force term. In the BB PD, the forces, f, between two particles (x and x′) always
have equal magnitude and opposite directions, thus conserving linear and angular
momentum. On the other hand, in the OSB PD formulation, the forces in the bonds,
T and T′ defined as the force-vector states, are aligned in the direction of the bonds,
as in the bond-based approach but can have different magnitudes [98–107]. The con-
servation of angular momentum is satisfied in the OSB PD formulation, whereas in
the NOSB PD formulation, the force states place no restriction on the magnitude
or direction of the forces [66]. These differences are illustrated in Figure 2.2. The
force densities, t and t′ are expressed as
t = T(x)〈x′ − x〉 and t′ = T(x′)〈x− x′〉, (2.1)
extracted by the force states operating on the corresponding relative position vec-
tors. The NOSB PD is conceptually more challenging to implement compared to the
Figure 2.2: Illustration of the tractions in the PD bonds in (a) BB PD, (b) OSB PD and
(c) NOSB PD.
BB PD. Nevertheless, it eliminates the restriction of fixed Poisson’s ratios, enabling
the modelling of more complex materials. The particle interactions are characterised
in terms of force state rather than pairwise force functions [65, 108] due to the col-
lective deformation of all bonds that are within the particle’s domain. The NOSB
PD approach leads to more realistic simulations as the forces in the bonds are ar-
rived at by considering the stress and the deformation fields at each of the particles,
which allows for modelling using general constitutive models as in [7, 53, 77, 108–
124]. Numerous developments have been made using NOSB PD methods in the
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past few years, including a NOSB PD modelling procedure by Warren et al for
analysing small strain crack propagation under quasi-static loading [108]. Based on
a NOSB PD formulation, Foster [65] proposed the simulation of explicit dynamic
impact tests of aluminium. The NOSB PD formulation was also used to model and
investigate dynamic crack growth in an elastic-viscoplastic crystal [125] and thermo-
visco-plastic deformation [126]. Fracture modelling was the focus of early research in
PD, utilising simple constitutive models, as stated in [54]. NOSB PD, as a nonlocal
meshless method, is not limited in the amount of deformation since there are no
mesh regularity constraints to consider. However, the application of PD methods to
large deformation problems has been relatively unexplored in the literature. With its
unique capability in capturing failure, it can simulate crack propagation and damage
processes including those in rock-like materials [127], thermoplastic fracture [113]
and in anisotropic materials [117]. The PD method has also been widely used to
solve quasi-static problems [75, 76, 108, 119, 128–131]. However, it is interesting to
highlight that the majority of previous PD research has used explicit time-stepping
formulations, and a drawback arises from the limitation on the time step size to
ensure numerical stability. In the case of quasi-static loading, it becomes expensive
to obtain solutions. This implies that it limits the critical, allowable time step size
∆tcr, which should not be exceeded in the analysis. The overall method efficiency
is, therefore, dependent on the size of the critical time step. Two of the rare exam-
ples of non-explicit methods are as follows. An implicit NOSB PD formulation was
presented in [77] for linearly elastic solids implemented within Emu, a PD code in
development at Sandia National Laboratories, and another implicit implementation
of NOSB PD was presented in [129] for crystal plasticity problems. However, the
work in [77] was limited to the development and numerical implementation of a
small strain linearly elastic model whereas, in reference [129], the computation of
the tangent modulus was based on the crystal plasticity constitutive model. Since
PD is a nonlocal theory, the construction of tangent stiffness in quasi-static or im-
plicit dynamics analysis has less sparsity compared to the traditional finite element.
Therefore Brothers et al. [130] compare the different methods used for calculating
tangent-stiffness matrices using Peridigm software, open source PD software code
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developed by Sandia National Laboratory [132]. Based on the computational analy-
ses that were done in [130], it can be concluded that for users of Peridigm, automatic
differentiation was shown to have an advantage in terms of speed. Automatic dif-
ferentiation is a computerised method for computing exact derivatives based on the
chain-rule [133].
Zero-energy modes
NOSB PD allows a material model from standard local theory to model long-range
forces with the inherent capabilities of a nonlocal PD formulation. However, in a uni-
form particle discretisation, the method suffers from instability due to zero-energy
modes, as previously identified in the mathematical formulation of the PD theory
[12, 77, 111, 115, 116, 118, 134–139]. In the presence of zero-energy modes, simu-
lations exhibit oscillations in the deformation and stress fields. Zero-energy modes
have been overcome in the classical Finite Element Method (FEM) by inserting arti-
ficial stiffness to increase stability [140]. In NOSB PD, these modes are caused by the
missing role of the centre particle when approximating the deformation gradient ten-
sor, and all correspondence materials fail this stability condition [12]. The presence
of zero-energy modes affects the deformation, and therefore, various methods have
been proposed in order to alleviate this problem. Breitenfeld et al. [77] introduced
two methods to deal with this problem using supplementary forces. The first ap-
proach introduces an additional term as a function of relative displacement between
particles in the bond whereas, in the second approach, the additional force state aris-
ing is calculated based on the average of the relative displacement states of all the
particles in its horizon. However, these approaches require a penalty constant, and
if the penalty value is too large, the supplementary force will dominate the solution
[77] and thus lead to lower accuracy. Littlewood [125] developed an additional force
term based on a penalty approach, where the penalty force was proportional to the
difference between the actual and predicted deformed position of the particles and
tends to drive particles toward smooth deformations. However, as with the previous
approaches, if the penalty value is too large, the supplementary force will dominate
the solution [77] and thus lead to lower accuracy. Littlewood [125] and Breitenfeld
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et al. [77] provided different forms of an additional term which contributes to the
PD force vector-state, which represents the supplemental bond between particles. A
stabilised displacement field approach introduced by Wu and Ren [111] eliminated
the requirement of the coefficient calculation for the supplementary force in mod-
elling the metal ductile failure. However, the oscillation problem still exists in the
strain and stress fields [111], and it was shown that the damage contour is affected
by the size of the horizon. These three methods show sensitivity to the discretisation
scheme, and therefore, an optimum value of the spring coefficient in the supplemen-
tary force needs to be adjusted based on the discretisation scheme such as particle’s
spacing and nonlocal horizon size for each problem [77, 111, 125]. At the same time,
Yaghoobi and Chorzepa proposed calculation of the deformation gradient based on
higher-order polynomial approximation which is viable in enhancing the accuracy of
the method with larger horizons [115]. Recently, Silling has introduced a stabilised
“correspondence” material model which satisfies the stability condition [12]. Here
an attempt has been made by Silling to eliminate the zero-energy modes by adding
a term to the corresponding strain energy density [12], considering the root of the
problem as a material rather than a numerical instability. This stabilised corre-
spondence material model has not been studied in the context of the elimination
of zero-energy modes for large deformation or implicit NOSB PD. In the literature,
further approaches to control the zero-energy mode have been suggested [116, 118],
which are generalisations of [12].
Imposition of boundary condition
The imposition of essential boundary conditions (BC) in PD is somewhat different
than in the classical continuum theory. Since the PD equations of motion utilise
integral equations, boundary conditions in PD are imposed over volumes. In this
section, the available methods on how to imposed Dirichlet and Neumann boundary
condition in PD are described. As a nonlocal theory, within which the integral
form of the governing equation is evaluated in the nonlocal boundary region, the
nonlocal Dirichlet boundary conditions in PD are imposed through a nonzero volume
of fictitious boundary layers. As explained in [141], and based on the numerical
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experiments in [92], the extent of the nonzero volume of fictitious boundary layer, Rd,
as illustrated in Figure 2.3 is suggested. The fictitious boundary layer is equivalent
to the size of the horizon used, as proposed by Macek and Silling [92]. Displacement
or rotation boundary conditions are imposed by assigning constraints to the particles
in the fictitious surface layer of particles. This method is proposed to ensure that
the imposed prescribed constraints are precisely reflected within the real material
domain. The same method has been applied in [142, 143] for beam problems. An
external load can be applied in the form of body force through a layer within the
surface layer of the actual region, Rt as shown in Figure 2.3 [141]. The size of this
layer is equivalent to the size of the particle spacing, ∆x.
Figure 2.3: Application of boundary conditions in a peridynamics (PD) beam.
2.3 Bond-based peridynamics (BB PD) numerical
implementation
At the beginning of a PD analysis, it is necessary to define the problem domain and
divide it into a finite number of subdomains. The particles are placed at the centre of
each subdomain, associated with a specific volume and the initial particle positions.
In regard to choosing particle discretisation, it is not restricted to any particular
discretisation arrangement. However, it is desirable for it to be of regular uniform
spatial discretisation as this simplifies identifying the initial location and how much
volume should be associated with each particle. The volume stays with the particle
throughout the simulation, and each particle has its particular family members. In
addition, the information of each particle family members (nearest-neighbour) needs
to be stored.
In classical continuum mechanics, the equation of motion of any particle x de-
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rived from the conservation of linear momentum can be expressed as [144]
ρ(x)ü(x, t) = ∇σ + b(x, t), (2.2)
in which ρ represents the mass density in the deformed configuration at the particle
x and ü denotes the second-order derivatives of displacement u with respect to time.
∇ denotes the divergence of the Cauchy stress, σ and b is prescribed body force
density field at time t . However, in Eq. (2.2), those spatial derivatives becomes
undefined along discontinuities. In contrast, the original PD formulation uses an
integral function of a force on a particle at x in the deformed configuration at time
t to replace the divergence of stress term, written as [5]





f[u(x′, t)− u(x, t),x′ − x]dVx′ . (2.4)
f is the pairwise PD force function that the particle x′ exerts on x with units of
force per unit area, Vx′ is the volume associated with particle x′ and the integral is
defined over a circular neighbourhood, R, of given radius, δ, centered at particle x,
as shown in Figure 2.4. This equation can be applied everywhere in the body, so no
special assumptions are needed to deal with singularities using PD.
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Figure 2.4: Particle x interacts with particle x′ within a specified circular neigh-
bourhood, R of radius δ, where ξ is the vector that links particle x with any particle
in its horizon, x′.
The relative position vector of two particles is denoted by ξ, such that
ξ = x′ − x. (2.5)
It is assumed that the particles’ displacements are respectively given by u and u′,
and the relative displacement vector η is given by
η = u′(x′, t)− u(x, t). (2.6)
The relationship among the variables illustrated in Figure 2.5 where ||ξ|| and ||ξ+η||
are the Euclidean norms of ξ and ξ +η, representing the initial and deformed bond
length, respectively, between particle x and x′. The integral term in Eq. (2.4) can
be interpreted as the force per unit volume squared and after discretisation, the




f(η, ξ)Vj + b(x, t), ∀x ∈ Ω. (2.7)
where j is a counter for the m particles in the horizon of particle i in the domain Ω
and Vj is the volume of particle j in the deformed configuration. Silling and Askari
proposed a Prototype Microelastic Brittle (PMB) model for isotropic materials [53]
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Figure 2.5: Reference, ξ and deformed, ξ + η vector states.
where the pairwise force function depends only on the stretch between particles x
and x′, defined as [53]




A scalar δ is the radius assumed for each particle known as the horizon to determine
the interacting range between the particles such that
f(η, ξ) = 0 if ‖ξ‖ > δ. (2.9)
Restricted to Newton’s Third Law, the force function in Eq. (2.4) must satisfy the
linear admissibility condition as stated in [5, 145], which assures the conservation
of linear momentum. Therefore, Eq. (2.10) will be called the linear admissibility
condition on f. Newton’s Third Law states that the force at particle x due to a
particle at x′ must be equal but opposite in direction to the force at particle x′ due
to a particle at x . Therefore, Eq. (2.4) must satisfy
f(−η,−ξ) = −f(η, ξ). (2.10)
In order to satisfy above mentioned assumption for the force function, each bond
must be individual and not affected by the other bonds. Another restriction arises
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from the conservation of angular momentum, which states that the particles will
only move with the presence of external forces, satisfying that
(η + ξ)× f(η, ξ) = 0, (2.11)
where “×” is the cross product, and cross product of any parallel vectors equals to
zero. Thus Eq. (2.11) indicates that the force between any two particles must be
parallel to their relative deformation pairwise force function. The bond force, which
is a scalar function, is
f (η, ξ) = cs(t ,η, ξ)µ(t ,η, ξ), (2.12)
where s is the stretch in the bond
s(t ,η, ξ) =
‖η + ξ‖ − ‖ξ‖
‖ξ‖
, (2.13)
and c is the constant micromodulus. For an isotropic material, c can be determined
by considering an infinite homogeneous body under isotropic expansion [53] in which


















µ(t ,η, ξ) is a history-dependent scalar valued function, which controls the level of
damage in the bond. This parameter will be discussed in more detail in Section
2.4. The following time integration can be used to obtain value of displacement,
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velocity and acceleration. Acceleration, ü can be obtained by using this explicit
simple equation given by
ü(x, t) =
L(x) + b(x, t)
ρ
. (2.17)
Thus, as suggested in [108], the acceleration can be calculated directly from Eq.
(2.3). Using Eq. (2.17), velocities, u̇ are obtained through a forward difference
scheme
u̇(x, t + ∆t) = u̇(x, t) + ü(x, t)∆t, (2.18)
while the displacement, u is integrated with a backward difference approach as
u(x, t + ∆t) = u(x, t) + u̇(x, t + ∆t)∆t. (2.19)
The algorithm of explicit NOSB PD code implementation is presented in Figure 3.4.
2.3. Bond-based peridynamics (BB PD) numerical implementation 25
lstp 1 2 lstpn FOR EACH
Loadstep
i 1 2 In FOR EACH
Particle





ξ = xj − xi (2.5)
η relative dis-
placement
η = u(xj , t)− u(xi, t) (2.6)











µ(t ,η, ξ) =
{
1 if d < dc
0 otherwise
(2.20)
f bond force f (η, ξ) = cs(t ,η, ξ)µ(t ,η, ξ) (2.12)
f pairwise force
function







j=1 f(η, ξ)Vj (2.4)
ü acceleration ü(xi, t) = L(xi) + b(xi)/ρ(xi) (2.17)
u̇ velocity u̇(xi, t + ∆t) = u̇(xi, t) + ü(xi, t)∆t (2.18)
u displacement u(xi, t + ∆t) = u(xi, t) + u̇(xi, t + ∆t)∆t (2.19)
END FOR
Figure 2.6: Bond-based peridynamics (BB PD) algorithm sequence for 2D problem
where lstp denotes the loadstep, i denotes the particle number and j denotes the
neighbouring particles.
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2.4 Damage criteria
In PD, material damage is modelled through the elimination of interaction (bonds)
among particles. Once broken bonds are eliminated, there is no force sustained in
the bond and fracture is introduced through the failure of bonds. According to
Silling et al. [53], no force can be sustained by the bond after its failure, which
means it is failed forever. As a result, the load is redistributed among the remaining
particles. In order to specify whether a bond interaction is active or terminated, a
history-dependent scalar valued function, µ(t ,η, ξ) was introduced in [53] as
µ(t ,η, ξ) =
1 if d < dc,0 otherwise. (2.20)
where d is the damage criteria value and dc is the critical damage criteria value.
Based on the function µ(t ,η, ξ), the damage index at a particle x can be quantified
as [53]







The damage index ranges from 0 to 1. If the damage index of a particle is 0, all
the interaction associated with the particle is intact while a damage index of 1
means that all the interactions associated with the particle have been eliminated
[53]. Figure 2.7 (a) shows that a particle initially interacts with all particles in
its horizon and thus, the damage index is zero. However, due to the creation of a
fracture characterised by bond breakages, it is now assumed that half of the particle’s
interaction has been eliminated thus, resulting in a particle’s damage index of 0.5,
as shown in Figure 2.7 (b). PD damage criteria reflected in the equations of motion
by removing the force density vectors between the particles by considering different
damage criterion as critical bond stretch, deformation based failure, critical energy
density, maximum principal stress and critical bond strain.
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Figure 2.7: Visualisation of the damage index: (a) all particle’s interactions are
intact and (b) half of the particle’s interactions have been eliminated.
2.4.1 Critical bond stretch
The most basic damage criteria that are available in the literature are based on the
critical bond stretch introduced in [53]. In terms of the critical bond stretch, it is
assumed that when the bond between two particles, x and x′ stretched in tension (or
compression) and the stretch s, exceeds its critical stretch value, scr, bond breakage
occurs. The stretch between particles x and x′ is defined in (2.13). The work







g(s)ξds, ξ = ||ξ||, (2.22)








Figure 2.8 shows the main variables used in (2.24). Therefore, the energy, G0,














The integral shown in Eq. (2.24) represents the summation of the work required
to break all the bonds connected to particle A and all of the particles B within its
horizon, as shown in Figure 2.8. All particles along the dashed line 0 ≤ z ≤ δ need to
be considered and this yields to the first integral in Eq. (2.24). The second integral
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Figure 2.8: Evaluation of fracture energy (from Siling et al. [53]).
is the rotation with the azimuthal angle θ, the third integral along the dashed line,













2.4.2 Deformation based failure
Warren et al. proposed two damage criteria using the classical definitions for the
NOSB PD formulation since it incorporates classical continuum mechanics defi-
nitions [108]. The first criterion is based on the equivalent strain, Eeq(x,x′) ob-
tained from the second invariant I ′2 of the averaged deviatoric strain tensor E ′IJ =
EIJ(x,x′)− 13EKK(x,x
′)δIJ and expressed as





























where EIJ is the average of the Lagrangian strain tensor between points, x and
x′ (the Lagrangian strain is approximately equal to the true strain for the case of
small strain). The failure criterion based on the deformation for the bond is then
expressed as
Eeq(x,x
′) > Ecriticaleq (x,x
′). (2.28)
The second method introduced in [108] uses the averaged value of the volumetric
strain, Evol(x,x′) in the principal directions:
Evol(x,x
















while the second failure criterion then takes the form
Evol(x,x
′) > Ecriticalvol (x,x
′). (2.30)
2.4.3 Critical energy density
A state-based peridynamics (SB PD) failure criterion based on energy density has
been developed in [65] relating the critical energy density, w0 in a bond to the
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fracture energy, G0. Similar to the integration used in the stretch based criterion,
the total strain energy of all the bonds, each with an energy density w0, crossing

















which relates the critical energy density to the fracture toughness. A bond energy
density, wxi is a function of the PD force-vector state, T and and the displacement





T [x, t ]〈x′ − x〉 −T [x′, t ]〈x− x′〉
}
dη, (2.33)
The bond fails if wxi > w0.
2.4.4 Maximum principal stress
Cauchy stress tensors at two interacting particles x and x′ can be respectively eval-
uated as σx and σx′ [7]. Then, the Cauchy stress tensor on the virtual PD bond
connecting particles x and x′ can be obtained by using the mean value of stress at
these two particles, σxx′ = (σx + σx′)/2. If the maximum principal stress between
the particles reaches the uniaxial tensile strength of the material, ft, the bond con-
necting the particles is considered broken. The Mohr-Coulomb criterion shown in
Figure 2.9 is used to define the shear failure of the bond between particles. The
shear failure criterion can be expressed as: The maximum shear stress in the bond
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where C is the cohesive strength, φ is the internal frictional angle, σ1xx′ and σ3xx′ are
respectively the maximum principal stress and minimum principal stress of bond.
When the stresses on the bond reach the Mohr-Coulomb criterion, the bond between
the two interacting particles is broken, which results in shear failure. If the maximum
shear stress between the particles, τxx′ exceeds the critical shear stress τcr, the bond
connecting the particles is broken.
Figure 2.9: The Mohr-Coulomb failure criterion.
2.4.5 Critical bond strain
The damage rule based on the critical bond strain is based on the assumption that
inelastic behaviour or failure is governed by a specified critical strain. Figure 2.10
(a) shows for mode I cracks, particles in S+ and in S− are under tension while for
mode II cracks, shown in Figure 2.10 (b), particle in S+ is under compression while
particle in S− is under tension. The reason is that a Mode I crack forms symmetric
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crack surfaces, while those in Mode II or Mode III are antisymmetric. As the shear
deformation accounts for the shear damage, the damage rule should be at least
related to the shear deformation [146]. Hence, [146] proposes a bond strain damage
(a) Mode I: Opening (b) Mode II: In-plane shear
Figure 2.10: Mode I and mode II cracks (after Ren et al. [146])
rule as
µ(x, t, ξ) =
1 if ε
d ≥ εdmax and (θx≥0 or θx′≥0),
0 otherwise.
(2.36)
where εd = ||εd|| is deviatoric bond strain, θx is the volume strain for particle x.
The damage happens when the deviatoric bond strain exceeds a critical value and
at least one particle’s volume strain is under tension. The anti-symmetric fracture
surface in Mode II/III crack depends more on the deviatoric strain than the volume
strain, therefore, the volume strain along the crack surface is assumed to be zero.








where ω(ξ) = ξ−2,m = ω(ξ)ξr · ξrdV = 4πδ
3
3
. Following the similar routine to [19],
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2.5 Numerical example of BB PD
The simplest damage criterion available in the PD literature is based on the critical
bond stretch [147] as described above in Section 2.4.1. This damage criterion is
used throughout the thesis and had been widely applied in BB PD, OSB PD and
NOSB PD [116, 148]. In this section, the BB PD formulation described in Section
2.3 is used for a simple 2D problem of a linear elastic aluminium bar (similar to that
presented in [108]). The bar domain at the beginning has a length, L of 0.254 m and
a depth, d0 of 0.012 m, as shown in Figure 2.11, fixed at one end and is subjected to
initial velocity in the horizontal direction through an actual particle (not fictitious).
The properties of the bar were Young’s modulus of E = 69 GPa, Poisson’s ratio
of ν = 0.33 and density of ρ = 2710 kg/m3. The bar was uniformly discretised to
form a 99 × 5 lattice of points. A time step size of ∆t = 5.0×10−8s was used in
this problem [108]. A fictitious boundary layer was introduced outside the actual
material domain at the boundary region where the size of the layer was equivalent
to the horizon size, δ = 3.015∆x and displacement BC were imposed through the
fictitious boundary layer. As can be seen, the bar was fixed at the fictitious boundary
region in both directions. The initial conditions used in the problem were







where x is the spatial distance and the boundary conditions used were
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Figure 2.11: Illustration of the PD model of the aluminium bar.
Figures 3.7 and 2.13 shows the displacement and velocity of the bar at x = 0.254
m, 0.127 m and 0.051 m against the analytical solution available in [108]. It is
observed that both figures show to be in a good agreement with the corresponding
analytical solution while Figure 2.14 shows the stress-strain result obtained from the
BB PD method and analytical solution [108] and as seen, they are indistinguishable.
This suggests that the BB PD method employed provides good results.
























L = 0.254 m (Analytical)
L = 0.127 m (Analytical)
L = 0.051 m (Analytical)
L = 0.254 m (Peridynamics)
L = 0.127 m (Peridynamics)
L = 0.051 m (Peridynamics)
Figure 2.12: Aluminium bar: displacement at different locations in the bar using
both analytical and BB PD method.
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L = 0.254 m (Analytical)
L = 0.127 m (Analytical)
L = 0.051 m (Analytical)
L = 0.254 m (Peridynamics)
L = 0.127 m (Peridynamics)
L = 0.051 m (Peridynamics)
Figure 2.13: Aluminium bar: velocity at different locations in the bar using both
analytical and BB PD method.




















Figure 2.14: Aluminium bar: stress and strain at L = 127 mm.
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2.6 Observations
In this chapter, the background of the PD has been discussed, including its current
applications. The existence of spurious oscillations due to the zero-energy mode
instabilities and various methods proposed in order to remove this problem have been
highlighted from the literature. It has been shown that BB PD can be implemented
easily, and it has been demonstrated that it can provide good results. However as
mentioned earlier, BB PD scheme is restricted to fixed Poisson’s ratios and a classical
model can be solved in the frame of NOSB PD, by introducing the conception of
state which corresponds with the conventional stress and strain tensors of classical
continuum mechanics [66]. The BB PD formulation given in this chapter will be
extended to a NOSB PD method in the next chapter. As the most common PD
approaches utilise explicit time integration schemes and a drawback arises since it
relies on a small time step size, it becomes expensive to obtain solutions. To combat
this, the adaptive dynamic relaxation (ADR) method will be adopted to obtain the
NOSB PD equilibrium solution in the next chapter.
Chapter 3
Explicit NOSB PD method for
quasi-static analysis
In the previous chapter, the bond-based peridynamics (BB PD) formulation and a
numerical example using this formulation were presented for a simple 2D linear elas-
tic problem. However, as explained in Chapter 2, the BB PD scheme is restricted to
constitutive models with fixed Poisson’s ratios. The non-ordinary state-based peri-
dynamics (NOSB PD) allows a constitutive model from the conventional theory of
solid mechanics to be incorporated directly into a peridynamics (PD) model. How-
ever, development of the NOSB PD theory as an extension of BB PD are relatively
few compared to the BB PD method. This chapter provides the essential background
knowledge of NOSB PD, and begins with the NOSB PD formulation and numeri-
cal examples in Section 3.1. An Adaptive Dynamic Relaxation (ADR) method for
PD will then be presented in Section 3.2. Numerical examples are demonstrated in
Section 3.3, and finally, the chapter is concluded in Section 3.4.
3.1 Non-ordinary state-based peridynamics theory
Recall that in the BB PD, the forces, f, between two particles (x and x′) always
have equal magnitude and opposite directions, thus conserving linear and angular
momentum. On the other hand, in the OSB PD formulation, the forces in the bonds,
T and T′, are aligned in the direction of the bonds, as in the bond-based approach
37
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but do not need to have equal magnitudes as explained in Chapter 2, whereas in
the NOSB PD formulation, there is no restriction on the magnitude and direction
of forces [66].
3.1.1 Finite deformation mechanics
The deformation gradient is the fundamental quantity for measuring deformation in
continuum mechanics. The deformation gradient characterises the deformation in





where y denotes a particle in the deformed configuration, while x denotes the same
particle in the reference configuration. In accordance with the polar decomposition
theorem, the deformation gradient allows the deformation from an initial state to a
deformed configurations to be split into a sequence of stretch and rotation, as shown
in Figure 3.1, that is
F = RU = VR, (3.2)
where R is an orthogonal tensor representing pure rotation, U and V are symmet-
ric right and left stretch tensors, respectively. The right and left Cauchy-Green
deformation tensors are defined as
C = U2 = FTF and c = V2 = FFT . (3.3)
In this thesis, logarithmic (Hencky) strain is used to measure the deformations of
materials with the Hencky hyperelasticity assumption (a linear relationship between
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The Kirchhoff stress is then given by
Figure 3.1: Illustration of the polar decomposition of deformation gradient.
τ = Deε, (3.6)
where De is the elastic stiffness matrix and for plane strain problems,
De =
E
(1 + ν)(1− 2ν)

1− ν ν 0
ν 1− ν 0
0 0 1− 2ν
 . (3.7)
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where the stress tensors are related by the volumetric ratio, J, between the deformed
and reference configurations, given by the determinant of the deformation gradient
J = det F. (3.9)
3.1.2 The equation of motion
Based on the principle of virtual work, the equation of motion of NOSB PD takes
the following form [66]
L + b = ρü, (3.10)
where the internal force vector at particle x is




T [x, t ]〈x′ − x〉 −T [x′, t ]〈x− x′〉
}
dVx′ , (3.11)
in which ρ represents the mass density in the reference configuration, ü is the second-
order time derivative of displacement u or acceleration, b is the body force at time
t , and T [x, t]〈x′−x〉 is the force vector-state. The angle brackets 〈 〉 denotes the
vector mapped by the force vector-state originating at the particle in square brackets
[ ]. L[x, t ] depends not only on the deformation of all bonds connected to particle
x but also on the deformation of all bonds connected to particle x′. Vx′ is the
volume associated with particle x′. A kinematic illustration of NOSB PD is shown
in Figure 3.2 where R is a circular neighbourhood of given radius with δ centered at
particle x. The reference position vector state between two particles is denoted by
ξ = x′−x and the relative displacement by η = u′−u. Using those definitions, the
deformation vector state, Y denotes the deformed state of the bond where y and y′
are shown after a displacement has been imposed on particles x and x′ respectively.
The specific vector states that are important in the PD concept are:
The relative position vector in undeformed configuration, denoted by
•reference position vector state : X〈ξ〉 = ξ = xj − xi, (3.12)
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and the relative displacement is denoted by
•displacement vector state : U[x, t ]〈ξ〉 = η = u(xj, t)− u(xi, t). (3.13)
The deformation vector state, Y denotes the deformed form of initial bond vector,
defined as
•deformation vector state : Y[x, t ]〈ξ〉 = ξ + η = (xj + u(xj, t))− (xi + u(xi, t)).
(3.14)
The equation of motion in the NOSB PD, Eq. (3.10) and the integral expression in
Eq. (3.11) can be approximated with a finite sum as
( m∑
j=1
T [xi, t ]〈xj − xi〉 −T [xj, t ]〈xi − xj〉
)
Vj + b(xi, t) = ρ(xi)ü(xi, t), (3.15)
where j is a counter for the m particles in the horizon of particle i and Vj is the
volume of particle j in reference configuration. The PD force-vector state of the
bond vector ξ can be obtained from the first Piola-Kirchhoff stress tensor as [108]
T [x, t ]〈x′ − x〉 = ω〈ξ〉PTB ξ, (3.16)
where the first Piola-Kirchhoff stress, P, for each particle x can be obtained from
the Cauchy stress, σ, and the deformation gradient, F, as
P = JσF−T . (3.17)







where B is the nonlocal shape tensor and is dependent on the orientation of the
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ω〈ξ〉(ξ ⊗ ξ)dVξ, (3.19)
where ⊗ denotes the dyadic product of two vectors.
Figure 3.2: Kinematic illustration of NOSB PD in 2D.
In (3.16),(3.17) and (3.19), ω〈ξ〉 is a dimensionless non-negative weighting func-
tion of radius δ in the reference frame, that defines the horizon in which the nonlocal
interactions take place. In this work, consistent with [108], a constant weighting
function is adopted, that is
ω〈ξ〉 =
1 if ξ ≤ δ,0 if ξ > δ. (3.20)
For a discrete system, the shape tensor in Eq. (3.19) at particle i can be expressed
as a Riemann sum in matrix form as
B =
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and the nonlocal deformation gradient in Eq. (3.18) as
F =





where B(x) referred to the non-local shape tensor, ⊗ denotes the dyadic product
of two vectors and ω〈ξ〉 is a dimensionless non-negative weighting function, that
ensures the horizon in which the force relationship between particles is nonzero and
all particles inside the horizon of x′ have influence on x [77]. The weighting function
depends only on the magnitude of ξ. Various forms of weighting functions have been
investigated in [149] for simple problems, and it was concluded in this thesis that a
cubic weighting function was consistently the best choice to guarantee convergence
with the varying horizon sizes and leads to lower errors for the NOSB PD as the
behaviour of particles closer to x are more dominant those more distant. In this
work, the constant weighting function is taken to be unity [108]
ω〈ξ〉 =
1 if ξ ≤ δ,0 if ξ > δ. (3.23)
As suggested in Warren et al. [108], PD set of equations are solved using an explicit
central difference time integration method to obtain values of displacement, velocity
and acceleration as discussed by Taylor and Flanagan [150]. Acceleration, ü can be
obtained by using
ü(xi, t) =
L(xi, t) + b(xi, t)
ρ(xi)
. (3.24)
Using Eq. (3.24), velocities, u̇ are obtained through a forward difference scheme,
while the displacement, u is integrated with a backward difference approach as
u̇(xi, t + ∆t) = u̇(xi, t) + ü(xi, t)∆t, (3.25)
u(xi, t + ∆t) = u(xi, t) + u̇(xi, t + ∆t)∆t. (3.26)
3.1. Non-ordinary state-based peridynamics theory 44
An estimate of the stable time increment can be taken as ∆t = δ/c′ where c′ ≈√
(λ+ 2µ)/ρ is the dilatational wave speed and λ and µ are the Lamé elastic con-
stants of the material [108]. The algorithm of explicit NOSBPD code implementation
is presented in Figure 3.3.
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lstp 1 2 lstpn FOR EACH
Loadstep
i 1 2 In FOR EACH
Particle





ξ = xj − xi (2.5)
η relative dis-
placement
η = u(xj , t)− u(xi, t) (2.6)

































T(xi) = ω〈ξ〉P(xi)−TB ξ (3.16)







j=1(T [xi, t ]−T [xj , t ])Vj (3.11)
END FOR




u̇ velocity u̇(xi, t + ∆t) = u̇(xi, t) + ü(xi, t)∆t (2.18)
u displacement u(xi, t + ∆t) = u(xi, t) + u̇(xi, t + ∆t)∆t (2.19)
END FOR
Figure 3.3: Explicit Non-ordinary state-based peridynamics (NOSB PD) algorithm
sequence for 2D problem where lstp denotes the loadstep, i denotes the particle
number and j denotes the neighbouring particles.
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3.2 Adaptive Dynamic Relaxation (ADR)
The PD equation can also be used to solve quasi-static or static problems. The
governing equation for quasi-static analysis is obtained by setting the acceleration
term in Eq. (3.15) to zero, i.e.
( m∑
j=1
T [xi, t ]〈xj − xi〉 −T [xj, t ]〈xi − xj〉
)
Vj + b(xi, t) = 0. (3.27)
Substituting Eq. (3.16) into Eq. (3.27), the quasi-static equations of motion in
NOSB PD can be expressed as
( m∑
j=1
ωi〈ξ〉P(xi)TB(xi) ξi − ωj〈ξ〉P(xj)TB(xj) ξj
)
Vj + b(xi, t) = 0. (3.28)
However, in explicit solvers, the nature of explicit time integration requires small
time steps and it becomes expensive to obtain solutions under static or quasi-static
conditions [76, 151]. The use of an adaptive dynamic relaxation (ADR) technique
then [152] becomes attractive for non-linear problems requiring large numbers of
degrees of freedom. As explained in [76], the dynamic relaxation method is based
on the fact that the static solution is the steady-state part of the transient response.
The main idea of this method is to introduce artificial damping to the system, so
that a steady-state solution can be reached as quickly as possible. However, it
is not always possible to determine the most effective damping coefficient to be
used for every time step and because of this, [153] proposed the way to calculate
damping coefficient by calculating adaptively every time step. The method has been
successfully applied in [76] to determine the failure of a simple structure. Based on
the dynamic relaxation method, the PD equation in Eq.(2.4), can be modified as in
[154] by introducing fictitious diagonal density matrix and damping terms as
ΛD̈(X, t) + cdΛU̇(X, t) = L(D,X) + b(X) (3.29)
where Λ is the fictitious diagonal density matrix and cd is the damping coefficient
whose values are determine by Gerschgorin’s theorem [153]. The vectors X and D
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contain the initial position and displacement of the particles, respectively, and they
can be expressed as
XT = {x,x2, ...,xIn} (3.30)
and
DT = {d(x1, t),d(x2, t), ...,d(xIn, t)}, (3.31)
where In is the total number of particles. By utilising central-difference explicit
integration, velocities for the next time step can be obtained as
u̇n+1/2 =
[





where n indicates the nth iteration, and ∆t is the time step size. However, the above
expression cannot be used to start the integration due to the unknown velocity field
at t−1/2 but the process can be started by using
u̇1/2 = ∆tΛ−1(L + b)0/2. (3.33)
The updated displacements are given by
dn+1 = Un + ∆t u̇n+1/2. (3.34)
The density matrix Λ, damping coefficient cd and time step size do not have to be
physically meaningful quantities, as mentioned in [153]. The key thing here is that
the t is not a real meaure of time and the ∆t is just a measure of your progression
through the algorithm. A time step size of (∆t = 1) is a convenient choice to
obtain faster convergence according to [76]. Thus they can be chosen to obtain
faster convergence. The most common method to choose density matrix is based on
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where i is the corresponding particle and j is the particle connected to the corre-
sponding particle i and kij calculated as [1]
kij = 5πδ
2bc, (3.36)





where K is the bulk modulus and δ is the radius of PD horizon. The damping





where Kn is the diagonal stiffness matrix and the ith component can be given by
K nii = −((L + b)
n
i /Λ




The algorithm of explicit NOSBPD code implementation with ADR is presented in
Figure 3.4.
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lstp 1 2 lstpn FOR EACH
Loadstep
i 1 2 In FOR EACH
Particle
Λ−1 density matrix Λ−1 = 14∆t
2
∑
j |kij | (3.35)
j 1 2 ....m FOR EACH
Neighbouring
Particle


































T(xi) = ω〈ξ〉P(xi)−TB ξ (3.16)







j=1(T [xi, t ]−T [xj , t ])Vj (3.11)
END FOR




















u̇1/2 = ∆tΛ−1(L + b)0/2 (3.33)









un+1 displacement un+1 = un + ∆tu̇n+1/2. (3.34)
END FOR
Figure 3.4: Explicit Non-ordinary state-based peridynamics (NOSB PD) algorithm
sequence for 2D problem with Adaptive Dynamic Relaxation (ADR) where lstp
denotes the loadstep, i denotes the particle number and j denotes the neighbouring
particles.
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3.3 Numerical examples
The NOSB PD formulation described in Section 3.1 was used for the same problem
(2D problem of a linear elastic aluminium bar) as presented in Section 2.3. The
bar initially had a length, L of 0.254 m and a depth, d0 of 0.012 m as shown in
Figure 2.11, fixed at one end and subjected to initial velocity in horizontal direction
through an actual particle. The properties of the bar were Young’s modulus of E
= 69 GPa, Poisson’s ratio of ν = 0.33 and density of ρ = 2710 kg/m3. The bar was
uniformly discretised to form a 99 × 5 lattice of points. A time step size of ∆t =
5.0×10−8s was used in this problem [108].
Figures 3.5 and 3.6 shows the displacement and velocity of the bar at x = 0.254
m, 0.127 m and 0.051 m against the analytical solution available in [108]. The
numerical results are in good agreement with the corresponding analytical solution.
This suggests that the NOSB PD method is efficient to simulate this simple 2D bar
problem. However, the oscillations exist in the PD solutions, as shown in Figure 3.6
and one possible cause may arise from the presence of the zero-energy modes in the
NOSB PD, as already highlighted in Section 2.2.2.
























L = 0.254 m (Analytical)
L = 0.127 m (Analytical)
L = 0.051 m (Analytical)
L = 0.254 m (Peridynamics)
L = 0.127 m (Peridynamics)
L = 0.051 m (Peridynamics)
Figure 3.5: Aluminium bar: displacement at different location in the bar using both
analytical and NOSB PD method.
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L = 0.254 m (Analytical)
L = 0.127 m (Analytical)
L = 0.051 m (Analytical)
L = 0.254 m (Peridynamics)
L = 0.127 m (Peridynamics)
L = 0.051 m (Peridynamics)
Figure 3.6: Aluminium bar: velocity at a different location in the bar using both
analytical and NOSB PD method.
3.3.1 Plate under uniaxial tension
The NOSB PD formulation with ADR was used for a 2D problem of an elastostatic
plate under uniaxial tension. The plate was of a size of 1 m × 0.5 m, as illustrated
in Figure 3.7. The applied tension was introduced in the form of a body force per
density of 2× 1010 N/m2 in one boundary layer region at both left and right of the
plate in the horizontal direction. The properties of the plate were a Young’s modulus
of E = 200 GPa, a Poisson’s ratio of ν = 0.33 with a density of ρ = 7850 kg/m3.
The plate is discretised into 1250, 5000, 20000 and 80000 discrete PD particles to
form 50 × 25 particles, 100 × 50, 200 × 100 and 400 × 200 lattices, respectively
with the horizon , δ = 3.015∆x. Time steps of ∆t = 1 s were used for this analysis.
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Figure 3.7: Geometry of a plate under uniaxial tension
In NOSB formulations, the presence of zero-energy modes due to the weak cou-
pling of particle x to particles x′ in its horizon causes stability issues [77]. These
zero-energy modes were removed in this case by introducing a new force state, Tz〈ξ〉
in addition to the present force state in (3.16) as proposed by Breitenfeld et al. [77]
as
T〈ξ〉 = ω(|ξ|)[σ0(F)]T ·B · ξ + Tz〈ξ〉. (3.40)
A new force state, Tz〈ξ〉 introduced with an additional linear springs of C1 between
a particle x and all the particles x′ belonging to particle x horizon. The additional
force state is one of the easiest to implement, given by [77]
Tz〈ξ〉 = C1ω(|ξ|)(u(x′)− u(x)). (3.41)
Figure 3.8 shows the convergence of displacement component in x and y direction of
the plate at the length of x = 0.255 m and y = 0.125 m as time step increases with
the number of particles 50 × 25 without the zero-energy mode control while Figure
4.7 shows the same result but with the zero-energy mode controlled. The result
shown in Figure 3.8 illustrates the convergence in x direction but in the opposite
direction as the actual result.
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Figure 3.8: Plate under unixial tension: displacement in x and y direction using
NOSB PD method without zero-energy mode controlled.










Figure 3.9: Plate under unixial tension: displacement in x and y direction using
NOSB PD method with zero-energy mode controlled.
Figure 3.10 and Figure 3.11 shows the displacement variations along the center
lines: ux(y = 0) , uy(x = 0) compared with the analytical solution with 50 × 25
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particles. There are slight differences of x and y displacements at the end of the






























Figure 3.10: Plate under unixial tension: displacement variations in x direction
along the center lines



























Figure 3.11: Plate under unixial tension: displacement variations in y direction
along the center lines
The same problem was analysed using finer discretisations, which are 100 × 50,
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200 × 100 and 400 × 200 particles. Figure 3.12 and Figure 3.13 shows that the
































































Figure 3.13: Plate under unixial tension: relative error
The same analysis was performed using a various time-step sizes. It was found
that in dynamic relaxation, choice of time step size can cause some oscillations in
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the displacement in both x and y directions and takes larger time steps to reach the
steady-state condition. Therefore, time step size of 1 (∆t = 1) and 10 (∆t = 10)
both are convenient choice which converge faster.





























Figure 3.14: Displacement in x and y direction in the plate using NOSB PD method
with zero-energy mode controlled and different time step size.
3.3.2 Tensile simulation of a plate with a circular hole under
quasi-static loading
The final example in this chapter is a plate with a circular hole at the centre, as
shown in Figure 3.15. The plate had a length of 50 mm, a width of 50 mm and the
diameter of the hole was 10 mm, as shown in Figure 3.15. The material properties
of the plate were E = 192 GPa and ν = 0.33. The plate was uniformly discretised
into 2,500 particles, with the grid spacing of ∆x = 1.0 mm and the horizon size of
δ = 3.015∆x was chosen. The plate was subjected to a slow rate of stretch along
its horizontal edges (on the fictitious particles), representing quasi-static loading.
The top and bottom ends of the plate were under a tensile load and were loaded
in displacement control for 1000 time steps using the explicit time-stepping scheme
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with the ADR. Plane state of strain was assumed, and the loading speed was set
at 2.7541 × 10−7 mm/s with a time step size of ∆t = 1 s. Additionally, the same
problem was implemented using the BB PD in an explicit time scheme with ADR
for comparison.
(a) Plate with a circular hole (b) Discrete model
Figure 3.15: Plate with a circular hole subjected to quasi-static loading
The stress concentration due to the applied loading was plotted in the absence of
failure with NOSB PD, as shown in Figure 3.16. The stress concentration with and
without zero-energy modes controlled was also compared. In the non-ordinary state-
based formulation, zero-energy modes are associated to the weak coupling of particle
x to particles x′ in its horizon and thus results in oscillations in the deformation and
stress fields and causes stability issues [77] and this can be clearly seen from Figure
3.16 (b).
Damage was then incorporated into the linear elastic model to study the in-
fluence of zero-energy modes on the damage and failure process of the material.
The presence of zero-energy modes affects the failure pattern, and therefore various
control methods have been proposed to alleviate this problem as discussed above.
[77, 125] both developed methods to suppress zero-energy modes and significantly
reduce the undesired oscillation. In this example, a penalty force was introduced in
addition to the present force state in Eq. (3.16) to eliminate the zero-energy mode
instability thus avoiding a spurious solution using PD [77].
The critical stretch failure criterion is adopted, with critical stretch sc = 0.02.
















(a) Plate with hole: with zero-energy


















(b) Plate with hole: without zero-energy
modes control (NOSB PD)
Figure 3.16: Plate with hole: stress concentration (NOSB PD).
Since material damage in PD is introduced through bond breakage between pairs of
particles as explained in Section 2.4, the broken bonds will eventually lead to soften-
ing material response since failure bonds cannot sustain any load. The failure mode
and damage evolution of the plate with and without zero-energy modes, control are
plotted in Figures 3.17 and Figure 3.18. The presence of the zero-energy modes
result in fictitious solutions that are not physically explained corrupt the approxi-
mated deformation solution field and caused a relatively large damage region in the
plate, as illustrated in Figures 3.17 (b) and 3.18 (b), respectively. The deformation
and damage evolution in NOSB PD with the zero-energy modes controlled, as shown
in Figures 3.17 (a) and 3.18 (a) agrees well with the result of BB PD in Figure 3.19.
Although there is no pre-existing crack in the plate, failure in this problem would
initiate in the form of a crack at the tensile stress concentration sites. As shown
in Figure 3.18 (a), the predicted damage also initiates in the stress concentration
sites. Due to the low value of applied velocity along the boundary, representative of
quasi-static loading, the cracks propagate towards the external vertical boundaries.
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(a) Plate with hole: with zero-energy
modes control (NOSB PD)


















(b) Plate with hole: without zero-energy
modes control (NOSB PD)
Figure 3.17: Plate with hole: deformation (NOSB PD).















(a) Plate with hole: with zero-energy
modes control (NOSB PD)














(b) Plate with hole: without zero-energy
modes control (NOSB PD)
Figure 3.18: Plate with hole: damage contour (NOSB PD).
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(a) Plate with hole: deformation (BB PD)

















(b) Plate with hole: damage contour (BB PD)
Figure 3.19: Plate with hole: deformation and damage contour (BB PD).
3.4 Observations
In this chapter, a brief review and the basic theory of NOSB PD framework for
the analysis in the explicit scheme have been presented. The numerical framework
and implementation procedures of the NOSB PD were discussed, and explicit im-
plementation of the NOSBPD is adopted in this chapter. ADR with different time
step sizes is investigated. An example demonstrates that the quasi-static problem
showed good agreement with the analytical solution with ADR and zero-energy
mode controlled. The method was then implemented correctly with a numerical ex-
ample showing reasonable agreement with the analytical solution and convergence
with the increasing number of degrees of freedom. The implementation of BB PD
and NOSB PD with the introduction of bond failure has been validated using the
numerical example of a plate with a circular hole. The approach developed over this,
and the previous chapter has been shown to model damage without a pre-existing
crack. The next chapter will introduce the NOSB PD implicit methods and validate
the implementation of NOSB PD using numerical examples.
Chapter 4
Implicit NOSB PD with numerically
generated tangent stiffness
In the previous chapter, explicit non-ordinary state-based peridynamics (NOSB PD)
approaches have been presented and it has been shown that bond-based peridynam-
ics (BB PD) and NOSB PD demonstrated good agreement with a problem that
has an analytical solution, convergence with increasing particles discretisation and
possessed attractive features in modelling damage. Problems with both small and
large deformations are investigated in this thesis, but in this chapter, an implicit
approach for NOSB PD based on numerically constructed tangent stiffnesses under
static equilibrium condition with small and large deformation is presented. This
chapter provides the numerical implementation procedure in Section 4.2. Simple
particle deformation fields are investigated, and the accuracy is assessed in Section
4.3, and finally, the chapter review is drawn in Section 4.4.
4.1 Non-linear solution procedure
In this section, a detailed implementation of a geometrically non-linear implicit
NOSB PD method is provided. A full Newton-Raphson (NR) method is utilised in
this chapter in order to solve the non-linear system of equations. In order to advance
the nonlinear analysis, the imposed loads here are applied in increments (or pseudo-
time) steps and within each increment, force equilibrium is sought between internal
61
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resisting forces and external forces, resulting in the following expression that needs
to be satisfied
f int(u)− f ext = 0, (4.1)




ωi〈ξ〉P(xi)TB(xi) ξi − ωj〈ξ〉P(xj)TB(xj) ξj
)
Vj and f ext = −b(xi, t).
(4.2)
The solution of this non-linear system of equations can be obtained from repeatedly




where l+1 represent the current equilibrium iteration within the NR procedure,
foobf = f ext− f int is the global residual or out-of-balance force vector for the current


































with ndof the total number of degrees of freedom in the system. The out-of-balance-
force needs to be evaluated in order to verify if the system is in equilibrium. The
current displacement is given by the summation of the incremental in displacements
within the current loadstep and the displacement from the previously converged
state (the displacement at the start of the load step), that is
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where n+1 represents the current loadstep and nNRit is the total number of NR iter-





where tol is the prescribed relative error tolerance (1× 10−10 is used in this chapter
and the rest of the thesis). The analysis proceeds with the next loadstep once the
NR process obtains a converged solution to within the specified tolerance. The
algorithm is outlined in Figure 4.1.
lstp 1 2 ....lstp FOR EACH Loadstep
fextn+1 set the external force




ul+1 ul+1= ul + ∆ul+1 (4.5)
i 1 2 ....i FOR EACH particle












(.)n set |foobfn+1 |/|fextn+1| equal to converged val-
ues
END FOR
Figure 4.1: Implicit algorithm sequence.
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4.2 Numerically generated stiffness matrix





































































Note that only the particles related to particle xi and xj contribute to the row of
the overall stiffness corresponding to particle xi. For this reason, the matrix sparsity
depends on the horizon size, δ. In is the total number of particles and therefore,














wherem is the number of neighbour particles of x and V x′i is the volume occupied by
each neighbour particle. The stiffness of a particle is influenced by its neighbours and
the neighbours of the neighbour via the non-local nature of the method. Differencing
















· · · ∂L2
∂undof
...






· · · ∂Lndof
∂undof
 , (4.10)
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ωi〈ξ〉P(xi)TB(xi) ξi − ωj〈ξ〉P(xj)TB(xj) ξj
)
Vj. (4.11)
Note that L=fint in Eq. (4.2). Methods used to construct the tangent stiffness ma-
trix include both analytical and numerical approaches and one method to calculate
the tangent stiffness matrix numerically is by using a forward-difference scheme.
The numerically constructed tangent stiffness is approximated in this chapter using
Kij '
Li(u + hêj)− Li(u)
h
, (4.12)
where Kij is the tangent-stiffness matrix entry at row i and column j. The first of
the two terms in the numerator are the Li evaluated in the current deformed config-
uration, u, plus a small perturbation h in the direction (êl)j where (êl)j represents
a unit-vector of jth degree-of-freedom given by
(êl)j = 1 if l = j and (êl)j = 0 if l 6= j, (4.13)
where l is the jth component and to the fact that when h tends to 0 and without
vanishing, the quotient on the right hand side provides a good approximation of the
derivative, thus h = 1 × 10−7∆x was used in this thesis after trial and error. For
the second term in the numerator, Li, is evaluated in the current configuration. The
NOSB PD algorithm sequence is shown in Figure 4.2.
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lstp 1 2 lstpn FOR EACH
Loadstep
fextn+1 set the exter-
nal force
∆u ∆u =f K−1 (4.3)
i 1 2 In FOR EACH
Particle





ξ = xj − xi (2.5)
η relative dis-
placement
η = u(xj , t)− u(xi, t) (2.6)





























P(xi) = det F(x)σ(x)(F(x)−1)T (3.17)
T force-vector
state
T(xi) = ω〈ξ〉P(xi)−TB ξ (3.16)







j=1(T [xi, t ]−T [xj , t ])Vj (3.11)
END FOR
k 1 2 ....ndof FOR EACH
Degree-of-
freedom
K stiffness Kij ' Li (u+hêj)−Li (u)h , (4.12)
END FOR
END FOR
Figure 4.2: Non-ordinary state-based peridynamics (NOSB PD) algorithm sequence
for 2D problem where lstp denotes the loadstep, i denotes the particle number and
j denotes the neighbouring particles.
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4.3 Simple deformation field investigation
Before continuing with the numerical examples of the large deformation problems in
Section 4.4, it is useful to investigate some simple particle deformation fields. In this
section, a series of numerical examples with simple deformation are presented, to
verify the implicit NOSB PD model with large deformation problem. Additionally,
all examples are under plane strain with elastic material.
4.3.1 Hydrostatic compression
Figure 4.3 shows a 2D linear elastic unit square domain under hydrostatic compres-
sion. The mid axis of the square is subjected to roller boundary condition (BC), and
a prescribed displacement is imposed perpendicular to all edges. In order to imple-
ment a roller boundary condition and impose a prescribed displacement, a fictitious
boundary layer was introduced outside the actual material domain at the boundary
region where the size of the layer was equivalent to the horizon size and displacement
boundary conditions (BC) were imposed through the fictitious boundary layer. The
square plate modelled as had an initial length of l0 = 1 m, as shown in Figure 4.3
and the material model was isotropic linear elasticity with Young’s modulus of E =
1.2 MPa, and a Poisson’s ratio of ν = 0.2. The plate was uniformly discretised into
four different particle discretisations; 100 particles (arranged in a 10 × 10 regular
grid), 400 particles (arranged in a 20 × 20 regular grid), 1600 particles (arranged in
a 40 × 40 regular grid) and 3600 (arranged in a 80 × 80 regular grid) particles with
horizon size of δ = 1.015∆x to minimises the effects of zero-energy modes.
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Figure 4.3: Square hydrostatic compression: Initial configuration.









where l0 and l are the original and current square lengths plotted against the an-
alytical values above in Figures 4.4 and 4.5, the strain and deformation gradient
for particles arranged in a 80 × 80 regular grid. Figure 4.6 illustrates a larger rel-
ative error of displacement as the particle spacing becomes larger and as expected,
increasing the number of particles minimise the displacement error.
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Figure 4.4: Square hydrostatic compression: deformation gradient



























Figure 4.5: Square hydrostatic compression: logarithmic strain
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Figure 4.6: One-dimensional compression: convergence with δ = 1.015∆x.
4.3.2 Elastic plate under uniaxial tension
This is a 2D problem of an elastic plate under uniaxial tension. The plate with a size
of 1 m × 0.5 m was established, as illustrated in Figure 4.7. An applied traction was
introduced in the form of a body force of 2×1010N/m3 in one boundary layer region
at both the left and right of the plate in the horizontal direction. The properties of
the plate are Young’s modulus of E = 200 GPa, a Poisson’s ratio of ν = 0.33 with
a density of ρ = 7850 kg/m3. The plate is discretised into discrete peridynamics
1250 particles with δ = 1.015∆x. The smallest possible horizon size was used in
this example to reduce the effect of the zero-energy modes, as explained in Chapter
3.
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Figure 4.7: Geometry of a plate under uniaxial tension
Figure 4.8 shows the displacement variations along the centre lines: ux(y = 0)
compared with the analytical solution, with 50 × 25 particles. There are slight
differences of x displacements at the end of the plate due to the lower stiffness of






























Figure 4.8: Plate under uniaxial tension: displacement variations in x direction
along the centre lines
4.4 Numerical Examples
In this section, three more challenging numerical examples are presented which
involve large deformations. A plate with under simple shear deformation is first
analysed by NOSB PD, followed by the cantilever beam subjected to vertical load
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on its end. Then, the predicted normalised displacement of a simply supported
slender beam is compared with the available analytical data.
4.4.1 Simple shear
A 2D square plate was modelled under simple shear deformation, using implicit
NOSB PD with numerically constructed tangent stiffness in order to validate the
large deformation formulation. The problem domain at the beginning had a height
of 1 m and width of 1 m, Young’s modulus of E = 1.2×103 MPa and Poisson’s ratio
of ν = 0.2. The initial and deformed configuration can be seen in Figure 4.9. The
plate was uniformly discretised into 100 (arranged in 10 × 10 regular grid) particles
with a horizon size, δ = 3.015∆x. The response of the plate is modelled subjected
to the displacement imposed over 40 loadsteps, horizontally parallel to the top edge
and each horizontal layer. The vertical movement along the bottom and top edges
were prevented and horizontal movement restrained along the bottom edge. The
top face sheared distance is 7.38 m and the results of the simulation for the particle
located in the middle of the plate (average of the four particles located nearest to
the centre of the plate) are shown in Figures 4.10, 4.11 and 4.12. It can be seen that
the deformation gradient, Cauchy stress and logarithmic strain agree well with the




 and [ε] = ln
1 + (∆l)2 ∆l
∆l 1
 , (4.15)
Where ∆l is the top face sheared distance. The performance of the methods is
measured by discrepancy between the numerical results and the analytical solutions.
For example, the relative error is the absolute error divided by the magnitude of the
analytical solutions, and those are computed as
Rσi =
|(σni − σai )|
|σai |
, (4.16)
where σni and σai are the numerical and analytical stresses. The relative error from
the implicit method is shown in Table 4.1. It can be seen that implicit time inte-
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gration gives good accuracy. Those stress and strain errors seem large compared
to the deformation gradient in xy direction because of the small displacement in y
direction at the particles, which should be zero.
Figure 4.9: Simple shear problem showing initial (grey) and deformed (white) position.
Table 4.1: Deformation gradient, logarithmic strain and Cauchy stress relative error at
the centre particle.
Value Fxy εxx εxy σxx σxy
Error (%) 2.41× 10−14 1.17× 10−3 1.43× 10−3 2.54× 10−2 1.10× 10−1





























Figure 4.10: Deformation gradient.
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Figure 4.11: Logarithmic strain.


























Figure 4.12: Cauchy stress.
4.4.2 Cantilever beam
The second example is an elastic cantilever beam, fixed at its root and subjected
to a vertical mid-height particle load on its free end. Both explicit and implicit PD
methods are used so that comparisons of performance can be made. The beam had a
length of 10 m, depth 1 m, and was uniformly discretised into three different particles
discretisations. Three different values of horizon radius were used, δ = 1.015∆x,
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δ = 2.015∆x and δ = 3.015∆x. The material properties were Young’s modulus
of E = 12 MPa and Poisson’s ratio of ν = 0.2. In order to implement a clamped
boundary condition, as explained in [141], a fictitious boundary layer was introduced
outside the actual material domain at the boundary region where the size of the
layer was equivalent to the horizon size and displacement boundary conditions were
imposed through the fictitious boundary layer. The beam was fixed at the fictitious
boundary region at the mid axis in both directions and roller boundary conditions
applied to other particles along the left-hand fictitious region, allowing the structure
to move only in the y-direction as shown in Figure 4.13. A vertical load of 100 kN
was applied in 10 loadsteps using the implicit method and tolerance of 1×10−10 was
used on the global normalised out-of-balance force. The loads were applied through
an actual particle on the right-hand region at the mid axis, as shown in Figure 4.13.
In the explicit method, a vertical load, in the form of body force of b = p/Ax∆x,
where Ax is the particle area, was applied over a number of iteration steps to reach a
steady-state solution, with a stopping criterion based on the static residual (balance
of external and internal forces) and precision of 10−6 as shown in Figure 4.14. Figure
4.15 depicts the load-displacement response for both horizontal (h) and vertical (v)
displacements and the corresponding analytical solution (A) from [155] with three
different numbers of particle used, and δ = 1.015∆x. Note that both the vertical and
horizontal normalised displacement with finer particle discretisations is larger than
with coarser particle discretisations and converges towards the analytical solution.
The final deformed configurations for three different particle refinements are shown
in Figure 4.16, demonstrating that finer discretisations with δ = 1.015∆x yield
results closer to the analytical solution.
The total calculation time and displacement relative error of the actual end par-
ticle on the right-hand region at the mid axis with different particle discretisations
and fixed horizon size using the explicit and implicit methods, with numerically gen-
erated tangent stiffness are shown in Table 4.2 and 4.3. It can be seen from Table
4.2 that the total calculation time can be reduced up to 5 times for the implicit with
numerically generated tangent stiffness compared to the explicit method with adap-
tive dynamic relaxation for a total number of particles of 63. The calculation time
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Figure 4.13: Cantilever beam subjected to vertical mid-side load.






























Figure 4.14: steady state solution for p=100 kN, δ = 1.015∆x, 427 particles.
decreases when finer particle discretisations are used, where the total calculation
time only reduced up to 2 times for the implicit method with numerically generated
tangent stiffness compared to the explicit method with adaptive dynamic relaxation
for the 427 particles. This shows that, as the accuracy increases, the solution cost
for the implicit procedure increases more steeply than for the explicit procedure
and at the same time, the implicit NOSB PD minimise the computational expense
compared to the explicit NOSB PD. The displacement error up to three decimal
places as shown in Table 4.3, where it can be clearly seen that the error was the
same for all those methods and at the same time was reduced with the finer particle
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Figure 4.15: Normalised displacement.













(a) Number of particles = 427













(b) Number of particles = 205













(c) Number of particles = 63
Figure 4.16: Initial and deformed (final) configuration for different particle discretisations
with δ = 1.015∆x.
discretisation. This was because the stopping criterion based on the static residual
for explicit time step and tolerance for the implicit time step were prescribed at
1× 10−6 a displacement relative error and 1× 10−10 respectively.
The total calculation time and displacement relative error of the actual end
particle on the right hand region at the mid axis with different horizon sizes, for
the same particle discretisation (427) using the explicit and implicit methods with
numerically generated tangent stiffness are shown in Table 4.4 and 4.5. It can be
seen from Table 4.4 that the total calculation time can be reduced up to 3 times
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Table 4.2: Calculation time with different particle discretisations for 10 loadsteps.
Number of particles Total calculation time (minutes)
Explicit Implicit
63 1.58× 101 3.12× 100
205 1.03× 102 3.19× 101
427 2.90× 102 1.39× 102
Table 4.3: Displacement relative error at the midpoint of the free end with different
particle discretisations.
Number of particles Displacement relative error (%)
Explicit Implicit
63 3.418× 100 3.418× 100
205 8.015× 10−1 8.015× 10−1
427 2.466× 10−1 2.466× 10−1
for the implicit approach compared to the explicit method with adaptive dynamic
relaxation for the horizon size, δ = 1.015∆x. This calculation time ratio decreased
when the larger horizon size was used. It can be seen from Table 4.5 that for this
cantilever beam problem, finer discretisation with smaller horizon size is more stable
and gives a smaller error. The use of horizon size, δ = 2.015∆x and δ = 3.015∆x
however seems to be unstable for this problem and the reason is still unclear at
the moment. Stress contour plots for the 427 particles analysis and δ = 1.015∆x
corresponding to the external load of of 100 kN are shown in Figure 4.17 and the
convergence for the final 5 load steps of the Newton Raphson process for the same
analysis is given in Table 4.6 indicating it to be near quadratic as expected indicating
a correct implementation.
Table 4.4: Calculation time with different horizon sizes for 10 loadsteps.
Horizon size Total calculation time (minutes)
Explicit Implicit
δ = 1.015∆x 1.03× 102 3.19× 101
δ = 2.015∆x 9.93× 101 6.85× 101
δ = 3.015∆x 1.63× 102 1.51× 102
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Table 4.5: Displacement relative error at the midpoint of the free end with different
horizon sizes.
Horizon size Displacement relative error (%)
Explicit Implicit
δ = 1.015∆x 8.015× 10−1 8.015× 10−1
δ = 2.015∆x 1.402× 101 1.402× 101
δ = 3.015∆x 9.827× 101 9.827× 101


























Figure 4.17: Stress contour corresponding to the external load for p = 100 kN, δ =
1.015∆x, 427 particles (a) σxx, (b) σyy and (c) σxy for the cantilever beam
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Table 4.6: Newton Raphson residuals showing near-quadratic convergence (tol = 1 ×
10−10).
Step 6 7 8 9 10
Iteration 1 3.16× 10−1 1.80× 10−1 1.09× 10−1 7.01× 10−2 4.72× 10−2
Iteration 2 1.80× 10−3 6.73× 10−4 3.97× 10−4 2.72× 10−4 1.85× 10−4
Iteration 3 1.60× 10−3 4.29× 10−4 1.12× 10−4 2.96× 10−5 8.09× 10−6
Iteration 4 6.65× 10−8 4.38× 10−9 2.30× 10−10 3.23× 10−11 4.55× 10−12
Iteration 5 4.34× 10−12 2.19× 10−13 1.96× 10−13 - -
4.4.3 Simply-supported slender beam
A beam with the same material and geometric properties as the clamped elastic
beam but having simply-supported ends was analysed using the same particle dis-
cretisations, but with appropriately modified boundary conditions at the support.
As in the previous example of the clamped slender beam, a fictitious boundary layer,
equivalent to the size of the horizon size was introduced outside the actual mate-
rial domain at the boundary region, and displacement boundary conditions were
imposed through the fictitious boundary layer. For the simply-supported beam,
only one particle at the left-hand fictitious region of the middle surface is prevented
from having in-plane displacement, and the edges must be free to rotate as shown
in Figure 4.18. The problem was analysed using a loading increment of 27.6 kPa,
applied in 10 loadsteps to a maximum loading of 276 kPa. Due to symmetry, only
half of the beam was analysed and uniformly discretised into three difference particle
discretisation with different horizon sizes, δ.
Figure 4.18: Simply-supported slender beam subjected to uniform transverse pressure.
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The total calculation time for various particle numbers and horizon sizes are
shown in Table 4.7. It was shown that the calculation time increases when the
finer discretisation was used and at the same time, by using a larger horizon size,
the computational time was also significantly larger. Finally, in Figure 4.19, the
maximum normalised vertical displacement of the material is compared against the
analytical result of the same problem for different particle discretisations with three
different horizon sizes. It can be clearly seen that by changing the particle discreti-
sation, the normalised vertical displacement converges towards the analytical value.
However, when the horizon size was two and three times larger than the particle
spacing, the vertical displacements do not converge to the actual solution with the
1057 particles. To address this, a modification on how the boundary condition was
imposed would be necessary to approximate simply-supports with finer discretisa-
tion when preventing only one particle at the left-hand fictitious region of the middle
surface from having in-plane displacement is not enough adequately to model the
simply-supported boundary condition. Additional constraints would be necessary
to implement the simply-supported condition as stated in [156]; however, the best
way to model it is still unclear at the moment.
Table 4.7: Calculation time for 10 loadsteps and displacement relative error with different
particle discretisations and different horizon sizes for the simply-supported slender beam.
Number of particles δ Total time (minutes) Displacement relative error (%)
1.015∆x 3.38× 100 3.715× 100
153 2.015∆x 1.14× 101 6.018× 100
3.015∆x 2.417× 101 1.873× 101
1.015∆x 4.70× 101 1.047× 10−1
505 2.015∆x 1.13× 102 4.516× 100
3.015∆x 2.63× 102 1.12× 101
1.015∆x 2.09× 102 1.085× 100
1057 2.015∆x 3.10× 102 5.185× 101
3.015∆x 6.83× 102 1.461× 102
The stress contour, σxx corresponding to the external load for p = 276 kN, δ =
1.015∆x and 1057 particles for the simply-supported slender beam was shown in
Figure 4.20.
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Figure 4.19: Physical convergence of verticle displacement with changing particle density











Figure 4.20: Stress contour, σxx corresponding to the external load for p = 276 kN,
δ = 1.015∆x, 1057 particles for the simply-supported slender beam
4.5 Observations
In this chapter, the development of NOSB PD with an implicit pseudo time integra-
tion scheme has been introduced. The global stiffness matrix based on the numerical
expression of the equation of motion of NOSB PD was also explained. The method
was then demonstrated with numerical examples to validate the effectiveness of this
approach where analytical results exist, and it has been demonstrated that it can
provide good results. Results from these examples show for a given particle spacing;
a smaller horizon size shows greater accuracy with no control on the zero-energy
modes. A comparison of implicit and explicit approaches for peridynamics in solid
mechanics focusing on quasi-static problems with large deformations has been pre-
sented for the first time using the non-ordinary state-based framework. Both implicit
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and explicit methods predict the same response. However, implicit time integration
with numerically generated tangent stiffness allows, compared to the techniques
based on explicit dynamic relaxation, a reduced computational time. In the next
chapter, the stabilised NOSB PD approach based on the analytically constructed
tangent stiffness will be introduced.
Chapter 5
Implicit stabilised NOSB PD for
large deformation analysis
In the previous chapter, the non-ordinary state-based peridynamics (NOSB PD)
approaches based on a numerically constructed tangent for the simple 2D problem
were presented. Although implicit methods are more complicated and challenging
to implement, the advantages of the implicit method suggested include an allowance
of much larger load steps, hence giving benefit in terms of its computational runtime
especially for large deformation problems, in comparison to those based on explicit
dynamic relaxation. However, due to the high computational time and high memory
requirement to find the numerically tangent stiffness matrices, in this chapter, an
implicit approach of NOSB PD for quasi-static problems with large deformation
mechanics is presented with an analytically constructed tangent stiffness using a
so-called correspondence material to address stability issues.
Recently, Silling has introduced a stabilised “correspondence” material model
which satisfies the stability condition [12]. This stabilised correspondence material
model has not been studied in the context of the elimination of zero-energy modes
for large deformation or implicit NOSB PD, as described below. The layout of the
chapter is as follows: Section 5.1 details the numerical implementation of developing
the Jacobian matrices of the NOSB PD with a correspondence continuum models
for both the unstabilised and stabilised versions [12]. Furthermore, the numerical
examples are demonstrated in Section 5.2, and the accuracy is assessed with the
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inclusion of different stabilisation parameters, and finally, the chapter review is
drawn in Section 5.3.
5.1 Non-linear solution procedure
In this section, a detailed implementation of a geometrically non-linear implicit
NOSB PD method is provided. A full Newton-Raphson (NR) method is utilised
in this chapter in order to solve the non-linear system of equations and update
the Jacobian matrix at each iteration. The Jacobian matrix is recomputed at each
iteration, thus enabling convergence at a higher rate than other alternatives [157].
5.1.1 Jacobian matrix
The Jacobian matrix or so-called tangent stiffness matrix can be constructed via
analytical and numerical approaches. Eqs. 4.7 and 4.8 are here reproduced for the
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Note that the stiffness of a particle depends on all of the particles that the particle is
connected to and those that the connected particles are connected to. In (5.3), the
derivative of the first Piola-Kirchhoff stress with respect to the deformation gradient












where A denotes the material tangent modulus, often referred to as the first elastic-
ity tensor for materials with an elastic constitutive law. For the sake of brevity, the
complete derivation of A is not included here (see Appendix A for the full deriva-
tion). Combining the derivative of the Kirchhoff stress with respect to the elastic
logarithmic strain tensor, Q, the stiffness matrix for isotropic linear elasticity, De
and the derivative of the Cauchy-Green strain with respect to the deformation gra-
dient, N, the following equation for the spatial tangent stiffness matrix, M in the
first term of the right-hand side of Eq.(5.4) is obtained where















Turning the focus to the formulation of the derivative of the deformation gradient
















Substituting Eq.(5.8) and Eq.(5.4) into Eq.(4.7) leads to the construction of the
global tangent stiffness as shown in Figure 5.1.
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5.1.2 Stabilised NOSB PD
So-called correspondence material models allow a material model from standard lo-
cal theory to model long-range forces with the inherent capabilities of nonlocal PD
formulation. However, in a uniform particle discretisation, correspondence models
suffer from instability due to zero-energy modes. In the context of the NOSB PD
formulation, spurious zero-energy modes are attributed to the weak couplings be-
tween particles within a horizon and this causes stability issues which have been
reported in [77, 111, 115, 134]. In the presence of zero-energy modes, simulations
exhibit oscillations in the deformation and stress fields. This is caused by the miss-
ing role of the centre particle when approximating the deformation gradient tensor,
and all correspondence materials fail this stability condition [12]. In order to under-
stand its origin, imagine a particle x with a circular horizon R which is subject to
displacement as shown in Figure 5.2, resulting in an additional vector u while the
displacement of other particles are kept constant, the new deformation vector-state
is
Yz〈ξ〉 = Y〈ξ〉 − u. (5.9)
The new deformation gradient Fz(x) is calculated based on Eq. (3.18) as
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i 1 2 In FOR EACH
Particle












































































Figure 5.1: NOSB PD large deformation algorithm sequence where i denotes the
particle number, j denotes the neighbouring particles and k denotes the degree of
freedom number.
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With the assumption of a circular neighbourhood, R, and a regular lattice of
particles, the integration term on the right-hand side of Eq. (5.10) will vanish, and
thus Fz(x) = F(x). This shows that the additional displacement of particle x does
not change the deformation gradient or the associated force-vector state. Various
methods have been proposed in order to alleviate this problem.
Figure 5.2: An illustration of zero-energy modes where F(x) = Fz(x).
Note that recent contributions have included initial attempts to alleviate zero-
energy modes (refer to Section 2.2.2). Recently, an attempt has been made by
Silling [12] to eliminate the zero-energy modes by adding a term to the corresponding
strain energy density. This approach considers the root of the problem as a material
instability, rather than a numerical instability[12]. In this approach the force vector-
state is given by
T〈ξ〉 = ω(|ξ|)[σ0(F)]T ·B(x) · ξ + Tz〈ξ〉. (5.11)





in which G is a stabilisation parameter whose value will be explored in the numerical
examples. It should be noted that parameter, G should be a constant positive
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For the 2D case, h is the out-of-plane thickness and ω0 is the integration of the





where Vj is the volume of neighbouring particles in the reference configuration. The
remaining term, z(ξ) is defined in [12] as
z(ξ) = Y(ξ)− Fξ, (5.16)
which represents the state of deformation that deviates from the uniform deforma-
tion of the neighbouring particles. It can be seen that the approximate deformation
gradient disappears, when the non-uniform part is included in its approximation of


























In this chapter, this stabilised correspondence material model is used in the nu-
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merical examples to alleviate the zero-energy mode problem. With the additional








































Four examples are presented here to demonstrate the proposed stabilised implicit
NOSB PD formulation. The first example comprises a square plate under hydro-
static extension and is used to demonstrate the effect of the stabilisation parameter,
G. The second and third examples apply the stabilised model to clamped and
simply-supported beams respectively, and the last example models the very large
deformation of a cantilever beam subjected to a vertical load at its free end. These
latter examples are used to demonstrate the effect of the stabilisation parameter, G
with different particle spacing and horizon size.
5.2.1 Hydrostatic extension
The first example is a 2D square plate under hydrostatic extension. In the analysis
a plane strain condition is assumed in the third direction. The square plate had an
initial length of l0 = 1m, shown in Figure 5.3 (a) and was fixed at the middle particle.
The material model was isotropic linear elasticity with a Young’s modulus of E =
1.2 MPa, and a Poisson’s ratio of ν = 0.2. The plate was uniformly discretised
into 625 particles (arranged in a 25 × 25 regular grid) with horizon size of δ =
1.015∆x, δ = 2.015∆x and δ = 3.015∆x. A total traction of 5000 kN/m2 was
applied at each side of the plate in a single loadstep as shown in Figure 5.4. The
final configuration is shown in Figure 5.3 (b) for the case of δ = 2.015∆x and G = 1,
clearly demonstrating large deformation (red and blue represent the initial and final
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configurations, respectively). The analytical deformation gradient and logarithmic










Figure 5.3: Hydrostatic extension: (a) problem definition and (b) initial (red) and
final (blue) configurations with δ = 2.015∆x and G = 1.
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Figure 5.4: Hydrostatic expansion: displacement BC.
From the analytical solution given in Eq. (5.19), the displacement normal to
each side of the plate was calculated to be 0.30667 m (the deformed length of the
plate at the end of the analysis should be l = 1.61334 m). The displacement error,












where u is the displacement calculated from the analytical solution. Figure 5.5
shows the dependence of the displacement error based on G for different horizon
sizes, δ and normalised particle spacing ∆x/L. It is clear that the PD solution’s
error decreases with increasing G values, achieving a minimum error before it rises
for higher coefficient values, where the solution is controlled by the correction time.
The larger horizon size increases the effects of the zero-energy modes in that a
larger stabilisation parameter is needed to minimise the error. For δ =1.015∆x,
the G values only need to be as large as 0.01 in order to obtain the minimum
error. In addition, the results shown in Figure 5.5 illustrate a larger relative error of
displacement as the particle spacing becomes larger. For δ = 3.015∆x with ∆x/L =
5.2. Numerical Examples 94
0.04, the error of displacement are evident, indicating the necessity of zero-energy
modes control.
Figure 5.6 shows the convergence rate for simulations, which varies between 0.43
and 0.91 depending on the number of particles and the horizon size. It can be clearly
seen that varying the number of particles and horizon sizes has an impact on the









































δ = 3.015∆x,∆x/L = 0.0400
δ = 2.015∆x,∆x/L = 0.0400
δ = 1.015∆x,∆x/L = 0.0400
δ = 3.015∆x,∆x/L = 0.0667
δ = 2.015∆x,∆x/L = 0.0667
δ = 1.015∆x,∆x/L = 0.0667
Stabilisation parameter, G
Figure 5.5: Hydrostatic expansion: relative displacement error with G for different
δ and ∆x/L .




































δ = 1.015∆x,G = 10
δ = 1.015∆x,G = 1
δ = 1.015∆x,G = 0.1
δ = 1.015∆x,G = 0.01
δ = 1.015∆x,G = 0.001
δ = 1.015∆x,G = 0.0001
δ = 2.015∆x,G = 10
δ = 2.015∆x,G = 1
δ = 2.015∆x,G = 0.1






Figure 5.6: Hydrostatic expansion: convergence with δ = 1.015∆x and δ = 2.015∆x
and different values of the stabilisation parameter, G.
5.2.2 Clamped slender beam subjected to a uniform trans-
verse pressure
The second problem considered was the behaviour of a slender beam subjected to
a uniform transverse pressure of p = 276 kPa applied in 10 loadsteps. The beam
domain at the beginning had a length, L of 254 mm and a depth, d0 of 5.08 mm,
Young’s modulus of E = 68.95 GPa and Poisson’s ratio of ν = 0.25. Due to sym-
metry, only half of the beam was analysed and it was uniformly discretised into two
different particle discretisations. To further quantify the effectiveness of G, three
different horizon sizes of δ = 1.015∆x, δ = 2.015∆x and δ = 3.015∆x and different
values of the stabilisation parameter were explored. In order to implement a clamped
boundary condition, a fictitious boundary layer was introduced outside the actual
material domain at the boundary region where the size of the layer was equivalent to
the horizon size and displacement boundary conditions (BC) were imposed through-
out the fictitious boundary layer. As can be seen in Figure 5.7, the beam was fixed
at the fictitious boundary region at the mid-axis in both directions and the roller
boundary conditions applied to other particles along the left hand fictitious region,
5.2. Numerical Examples 96
allowing the structure to move only in the y-direction in this location as shown in
Figure 5.7. A uniform transverse pressure was applied to all the particles on the top
surface. A tolerance of 1×10−10 was used on the global normalised out-of-balance
force for unstabilised (G = 0) and stabilised (G > 0) correspondence material.
Figure 5.7: Clamped slender beam subjected to uniform pressure, p.
In Figures 5.8 and 5.9, the final normalised vertical displacement of the material
is compared against the analytical solution of the same problem [155] for two dif-
ferent particle discretisations; 3 × 75 particles and 5 × 125 particles with different
horizon sizes and different values of G. For a given particle spacing, the displace-
ment obtained shows larger departures from the analytical solution in the absence
of zero-energy control (G = 0) as the horizon size increases, as shown in Figures 5.8
and 5.9, while the smallest horizon size of one particle spacing used in this problem,
minimises the effects of zero-energy modes.
The relative displacement errors, eu are given for both particle discretisations and
different horizon sizes for unstabilised material in Table 5.1. As can be seen, there
are significant differences (eu = 6.678×100 for δ = 1.015∆x, eu = 2.733×101 for δ =
2.015∆x and eu = 6.380×101 for δ = 3.015∆x) between the three horizon sizes with 3
× 75 particles. It is seen that as the horizon size increases, the errors increase. These
numerical results are in general agreement with observation published in [77, 115],
in which it was demonstrated that the resulting axial displacement and stress show
significant instabilities and errors as the horizon size increases in the absence of
zero-energy control. This behaviour could be due to larger horizon sizes, where a
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larger number of bonds are connected to each particle which leads to an increase in
the nonuniform part of the deformation state, with the missing role of the centre
particle. Hence, it is expected that larger stabilisation term may need to be added
to the force state in order to be effective at suppressing zero-energy, indicating that
G must be adjusted based on the horizon size. However, continuing to increase the
value of G results in an eventual increase of stiffness, thus artificially affecting the
displacement as seen in both Figures 5.8 and 5.9.
Comparing the results in Figures 5.8 and 5.9, it can be seen that with the finer
particle discretisation in Figure 5.9, the error for an unstabilised material (G = 0)
is smaller than those in Figure 5.8 for all horizon sizes. Therefore using simulations
with smaller particle spacings is a possible way to decrease the zero-energy mode
oscillation although it significantly reduces the computational efficiency. Clearly,
the discretisation scheme (i.e the particle arrangement) plays an important role in
selecting the optimum value of G. Therefore, the smaller particle spacings were
used, the smaller value of stabilised parameter, G will be needed.
































Figure 5.8: Clamped beam: normalised vertical displacement with changing G values and
horizon sizes with 3 × 75 particles.
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Figure 5.9: Clamped beam: normalised vertical displacement with changing G values and
horizon sizes with 5 × 125 particles.
Figure 5.10 shows the error against computational time for the implicit approach
developed in this paper alongside that of an explicit implementation using dynamic
relaxation to achieve a pseudo static result. In this case the horizon size was set
to δ = 1.015∆x, G = 0 and the particle discretisation was varied. The errors and
timings are for a uniform pressure of p = 276 kPa applied over 10 loadsteps. The
results show that for a given discretisation, both methods predict the same response,
with the same relative displacement error. The figure also show that the implicit
time integration has a significantly reduced computational time. This is due to the
number of iterations required by the explicit algorithm to achieve a pseudo static,
or steady state, response.
In Figure 5.11, the maximum normalised vertical displacement of the material is
compared against the analytical solution of the same problem with 3 × 75 particles
and three different horizon sizes with an “optimum” stabilisation parameter, G =
0.002 with δ = 1.015∆x , G = 0.013 with δ = 2.015∆x and G = 0.031 with δ =
3.015∆x . The results using the NOSB PD are presented alongside the analytical
solution of Molstad [155]. In all cases excellent agreement is seen between the NOSB
PD normalised vertical displacement with the analytical result.
























Figure 5.10: Clamped beam: displacement error versus time for implicit and explicit
NOSB PD.




















δ = 1.015∆x,G = 0.002
δ = 2.015∆x,G = 0.013
δ = 3.015∆x,G = 0.031
Normalised displacement (u/d0)
Figure 5.11: Clamped beam: normalised midpoint vertical displacements with 3 ×
75 particles and different δ.
5.2. Numerical Examples 100
Table 5.1: Clamped beam: Relative displacement error with different particle dis-
cretisations and different horizon sizes for G = 0.
Particles discretisation Horizon size, δ Relative displacement error (%)
1.015∆x 6.678× 100
3 × 75 2.015∆x 2.733× 101
3.015∆x 6.380× 101
1.015∆x 2.683× 100
5 × 125 2.015∆x 1.216× 101
3.015∆x 4.050× 101
Figure 5.2 presents the global Newton-Raphson (NR) residual for the final 5 steps
with 3 × 75 particles and δ = 3.015∆x and a global tolerance of 1 × 10−10. Notable
in Figure 5.2 is that the data shows near quadratic and a maximum number of
iterations of 4, indicating the correct derivation and implementation of the Jacobian
matrix and this is a point of novelty of the thesis.
Table 5.2: Clamped beam: Newton-Raphson residuals showing near-quadratic con-
vergence (tol = 1× 10−10) with δ = 3.015∆x and G = 0.031.
Step 6 7 8 9 10
Iteration 1 4.781× 10−2 3.680× 10−2 2.890× 10−2 2.313× 10−2 1.871× 10−2
Iteration 2 4.799× 10−5 3.805× 10−5 2.920× 10−5 2.206× 10−5 1.659× 10−5
Iteration 3 2.332× 10−9 1.341× 10−9 7.413× 10−10 4.036× 10−10 2.201× 10−10
Iteration 4 3.532× 10−12 2.686× 10−12 2.965× 10−12 2.434× 10−12 2.626× 10−12
The plot of normal stress component, σxx, and the deformed shape of the beam
(x-axis and y-axis: mm) corresponding to the external load for p = 276 GPa, δ =
2.015∆x and 5 × 125 particles for the clamped slender beam using G = 0, 0.002,
0.004, 0.006, 0.007 and 0.008 are compared in Figure 5.12. The plots show that,
without stabilisation, NOSB PD shows instabilities, evident, for instance, in the
top plot, where colour corresponds to stress magnitude in kPa. The absence of the
zero-energy mode control leads to significant oscillation in the stress field, which
is most obvious near the support and the region experiencing larger displacements.
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The stabilisation method proposed in [12] effectively suppresses the zero-energy
modes, where G = 0.006, resulting in a stabilised stress field. However, continuing
to increase the value of G results in a domination of the stabilisation force density
over the PD force density, which subsequently results in the increase of stiffness.














































Figure 5.12: Clamped beam: stress contour, σxx for p = 276 kPa, δ = 2.015∆x with
5 × 125 particles with different G.
5.2.3 Simply-supported slender beam
A beam with the same material and geometric properties as the clamped slender
beam in the example above but having simply-supported ends was next analysed.
The same particle discretisations were used; however, the boundary conditions at
the support were appropriately modified. As in the previous example, a fictitious
boundary layer, of equivalent size to the horizon was introduced outside the actual
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material domain at the boundary region and displacement boundary conditions were
imposed through this layer. To model the simply-supported edge, only one particle
at the fictitious left-hand region of the middle surface was prevented from having
in-plane displacement, allowing free rotation of the remainder of the end as shown
in Figure 5.13. The problem was analysed using a loading increment of 27.6 kPa,
applied in 10 load steps to a maximum loading of 276 kPa. Due to symmetry, only
half of the beam was analysed and uniformly discretised into two different particle
discretisation with three different horizon sizes.
Figure 5.13: Simply-supported slender beam subjected to uniform transverse pres-
sure.
The conclusions reached for the previous example are again supported by the
results from this example in that the impact of zero-energy modes for larger horizon
size results in larger displacements for a given particle spacing in the absence of
additional stabilisation. The final normalised vertical displacement is compared in
Figures 5.14 and 5.15 against the analytical result for two different particle discreti-
sations, i.e. 3 × 75 particles and 5 × 125 particles, with different horizon sizes and
different value of the stabilisation parameter, G. The agreement between analytical
and numerical solutions reduces as the horizon size increases; however, the small
horizon size of one particle spacing used in this problem tends itself to minimise the
effect of the zero-energy modes. It is to be expected from previous examples, that a
larger stabilisation parameter value would need to be added to the original PD force
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state for a problem with a larger horizon size in order to be effective at suppressing
zero-energy modes. Since the PD formulations are nonlocal, this finding, while pre-
liminary, predicts that the maximum accuracy will be achieved only for the horizon
size approaches zero. The optimum value of G for larger horizon sizes is shown to
be larger in order to provide enough stiffness for stability. However, continuing to
increase the value of G once again results in an increase of non-realistic stiffness,
thus reduced displacements as seen in both Figure 5.14 and 5.15.


































Figure 5.14: Simply-supported beam: normalised vertical displacement with changing G
values and horizon sizes with 3 × 75 particles.
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Figure 5.15: Simply-supported beam: normalised vertical displacement with changing G
values and horizon sizes with 5 × 125 particles.
In Figure 5.16, the pressure versus normalised displacement response is compared
against the analytical solution. The response is shown with three different horizon
sizes, with stabilisation parameters of G = 0.003 with δ = 1.015∆x , G = 0.018 with
δ = 2.015∆x and G = 0.0495 with δ = 3.015∆x . The analytical solution given
by Molstad [155] is also shown. It can be clearly seen that the normalised vertical
displacements agree well with the analytical result for all the horizon sizes.
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δ = 1.015∆x,G = 0.003
δ = 2.015∆x,G = 0.018
δ = 3.015∆x,G = 0.0495
(u/d0)Normalised displacement
Figure 5.16: Simply-supported beam: normalised vertical end with 5× 125 particles.
Table 5.3 gives the global Newton-Raphson (NR) residual for loadsteps 6 to 10
in this problem, with G = 0.02 and δ = 2.015. The global tolerance was 1 × 10−10
and the data presented in the table shows quadratic (or near quadratic) convergence
of the global out of balance force, demonstrating a correct implementation of the
algorithmic consistent tangent for large deformation elasticity.
Table 5.3: Simply-supported beam: Newton-Raphson residuals showing near-
quadratic convergence (tol = 1× 10−10) with δ = 2.015∆x and G = 0.02.
Step 6 7 8 9 10
Iteration 1 6.120× 10−2 4.421× 10−2 3.070× 10−2 2.342× 10−2 1.842× 10−2
Iteration 2 2.610× 10−4 1.285× 10−4 7.000× 10−5 4.113× 10−5 2.568× 10−5
Iteration 3 5.343× 10−8 1.279× 10−8 3.780× 10−9 1.309× 10−9 5.126× 10−10
Iteration 4 7.758× 10−12 6.316× 10−12 5.661× 10−12 5.383× 10−12 5.357× 10−12
The plot of the normal stress component, σxx, and the deformed shape of the
beam (x-axis and y-axis: mm) corresponding to the total external load of p = 276
kPa, with δ = 1.015∆x and a 5 × 125 particle distribution for the simply-supported
slender beam problem are shown in Figure 5.17. Once again, it is clear that NOSB
PD solutions exhibit instabilities, indicating the necessity of zero-energy modes con-
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trol. The absence of the zero-energy mode control results leads to significant os-
cillations in the stress field. Increasing the value of G from 0 to 0.01 significantly
reduces the stress oscillation leading to a more realistic stress profile. However, the
zero-energy modes are still evident closer to supported end if G < 0.01. However,
continuing to increase G results in the stabilisation force density dominating the
original PD force density, which then results in an increase in stiffness which causes
a reduction in the predicted displacement.













































Figure 5.17: Simply-supported beam: stress contour, σxx, for p = 276 kPa, δ =
2.015∆x, 5 × 125 particles with different G.
5.2.4 Cantilever beam
The final example tested was of a deep elastic cantilever beam, fixed at one end
and subjected to a vertical mid-height particle load on its free end. The beam has a
length, L of 10 m, depth, d0 of 1 m, and is uniformly discretised with 5 × 50 particles.
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Three values of horizon radius, δ = 1.015∆x, δ = 2.015∆x and δ = 3.015∆x were
used in this problem. The material properties were Young’s modulus, E = 12 MPa
and Poisson’s ratio, ν = 0.2. The beam was pinned at the fictitious boundary region
at the mid-axis in both directions and roller boundary conditions applied to other
particles along the fictitious left-hand region, allowing the structure to move only
in the y-direction as shown in Figure 5.18. Compared to Section 4.4.2, a fictitious
boundary layer in this example was introduced outside the actual material domain
where displacement boundary conditions (BC) were imposed through the fictitious
boundary layer. A vertical load of 100 kN was applied in 10 load steps with a
tolerance of 1×10−10 used on the global normalised out of balance force. The loads
were applied through a layer of an actual particle on the right-hand region at the
mid-axis, as shown in Figure 5.18 instead through an actual particle as shown in
Section 4.4.2.
Figure 5.18: Cantilever beam subjected to vertical mid-side load.
Figure 5.19 compares the normalised displacement, at the end of the beam for
different values of δ and G with the analytical solution [155] corresponding to the
external load of 10 kN. As shown in the figure, for the unstabilised material, a
significant difference in terms of normalised displacement (u/L = 0.302 with δ =
1.015∆x , u/L = 0.342 with δ = 2.015∆x and u/L = 0.529 with δ = 3.015∆x ) is
evident between those three horizon sizes. From Figure 5.19, we can also see that
increasing G from an initial value of 0 visibly affects the normalised displacements.
In Figure 5.20, the load-deflection results predicted by the NOSB PD are com-
5.2. Numerical Examples 108
pared against the analytical solution for the same problem [155] with three different
horizon sizes and optimum stabilisation parameters, i.e. G = 0 with δ = 1.015∆x ,
G = 0.05 with δ = 2.015∆x and G = 0.315 with δ = 3.015∆x . Figure 5.20 shows
there to be good agreement with the corresponding analytical solution with the op-
timum stabilisation parameter. It can be clearly seen that errors are small with
smallest horizon values, δ = 1.015∆x to be efficient (no zero-energy issues) without
the addition of the stabilised term to NOSB PD. This agrees with the results pub-
lished in [120] where the zero-energy mode is not significant when adopting local
horizon. Thus, a very small value of G is needed to eliminate any zero-energy mode
for problems with horizon δ = 1.015∆x.

























Figure 5.19: Cantilever beam: normalised vertical displacement with changing G and
horizon sizes with with 5 × 50 particles.
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Figure 5.20: Cantilever beam: normalised vertical and horizontal displacement at
the midpoint of the free end with 5 × 50 particles.
Stress distribution plots of the three stress components and the deformed shape
for the fully loaded cantilever of δ = 2.015∆x when G = 0.05 are shown in Figure
5.21. These are plotted on the final deformed configuration showing the very large
deformations modelled. The stabilisation method proposed in [12] effectively sup-
presses the zero-energy modes with the increase value of G, resulting in a stabilised
stress field. However, for this problem, the method fails to converge with horizon
sizes of δ = 2.015∆x when G < 0.05 .Therefore, a higher value of G is needed to
eliminate the zero-energy modes. Figure 5.4 shows the convergence for the final
5 load steps of the Newton-Raphson process in this case. It can be seen that the
Newton-Raphson algorithm needs more iterations to find the correct path, which
then reaches asymptotic quadratic convergence compared to the other examples
shown in Sections 5.2.2 and 5.2.3.
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Table 5.4: Cantilever beam: Newton-Raphson residuals showing near-quadratic con-
vergence (tol = 1× 10−10) with δ = 2.015∆x and G = 0.05.
Step 6 7 8 9 10
Iteration 1 2.746× 10−1 1.513× 10−1 9.050× 10−2 5.792× 10−2 3.921× 10−2
Iteration 2 6.012× 10−1 6.251× 10−4 4.244× 10−4 2.790× 10−4 1.773× 10−4
Iteration 3 1.419× 10−3 3.054× 10−4 6.681× 10−5 1.526× 10−5 3.758× 10−6
Iteration 4 3.705× 10−8 1.838× 10−9 1.679× 10−10 1.863× 10−11 1.861× 10−12
Iteration 5 2.420× 10−13 7.773× 10−14 8.187× 10−14 − −

























































Figure 5.21: Cantilever beam: stress distribution for p = 100 kN (a) σxx, (b) σyy and (c)
σxy with δ = 2.015∆x and G = 0.05.
5.3 Observations
In this chapter, a development of NOSB PD for large deformation with an implicit
time integration scheme has been introduced. The Jacobian matrix based on the
analytical expression of the equation of motion of NOSB PD was also explained.
Within this, proper implementation of Jacobian was confirmed by the convergence
rate of the global residual force in the various examples presented. The method
was then demonstrated with numerical examples to validate the effectiveness of
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this approach, where analytical results exist. Results from these examples show
horizon sizes, particle spacing, and the problem itself appear to be related to the
optimum value of G. Overall, these results indicate that the NOSB PD simulation
becomes mesh dependent in the absence of zero-energy mode control and for a given
particle spacing, a smaller horizon size shows greater accuracy with no control on
the zero-energy modes. The stabilised correspondence material model allows the
proposed boundary condition to be used. Additionally, it is shown that the value of
the optimum stabilisation parameter G used in this chapter is a positive constant
less than 1, which has also been suggested by Silling in [12]. The next chapter
will investigate an implicit NOSB PD problem with damage for which PD most
applicable.
Chapter 6
Damage in the implicit NOSB PD
model
6.1 Introduction
In the previous chapter, an implicit non-ordinary state-based peridynamics (NOSB
PD) method has been implemented for large deformations based on an analyti-
cally constructed tangent stiffness for 2D problems. The Jacobian matrices of the
NOSB PD with a correspondence continuum model for both the unstabilised and
stabilised versions have been developed and the accuracy has been assessed with
the inclusion of stabilisation parameters suggested by Silling [12]. Since the original
peridynamics (PD) formulation was focused on dynamic problems, the earliest re-
search focused mainly on the explicit formulation for dynamic simulations [9, 65, 74].
PD was adapted to the quasi-static case mainly using a dynamic relaxation method
by introducing artificial damping in the time integration. Some existing work with
implicit PD has been done, for example, [129] which was focused on crystal plas-
ticity problems. However, the work did not extend to the prediction of damage.
Another implicit implementation of NOSB PD, presented in [77], was limited to the
development and numerical implementation of a small strain linearly elastic model.
Zaccariotto and et al. [159] proposed a progressive damage formulation to be taken
into account for a microelastic brittle material, and implemented the formulation
within a bond-based peridynamics (BB PD) framework.
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The most frequently used damage model in PD is the Prototype Microelastic
Brittle (PMB) material proposed by Silling and Askari [53] for which, when a bond
fails, its strength and stiffness suddenly drop to zero. In this chapter, the implemen-
tation of the NOSB PD approach detailed in the previous chapter is extended to
include static crack propagation phenomena solved with a Newton-Raphson method.
However, the discontinuity of the damage law prevents a standard implementation
of a Newton-Raphson (NR) type of algorithm as explained in [160]. The best solu-
tion is identify regions of the response of the structure in which the stiffness matrix
is constant and then change it as soon as one or more bonds fail, as stated in [160].
However, in complex models, with a large number of bonds, such an approach would
be impractical.
This chapter provides the numerical implementation, and the theory behind the
implementation in Section 6.2, which introduces a modification to the force term
including a softening term and develops modified Jacobian matrices of the NOSB
PD with a correspondence continuum model [12]. Numerical examples are demon-
strated in Section 6.3, and the accuracy is assessed with the inclusion of different
stabilisation parameters, and finally, a chapter review is drawn in Section 6.4. This
chapter introduces for the first time non-ordinary state-based peridynamics (NOSB
PD) with non-linear implicit static solution procedures to study crack propagation
problems and proves the viability of using implicit approaches for the static solution
of crack propagation problems.
6.2 Damage
Material damage in PD is introduced through the elimination of interaction (bonds)
among particles. Recall from Chapter 2, once a bond fails, there is no force sustained
in the bond and fracture is introduced through the failure of bonds. The mostly
used damage criteria available in the literature are based on the critical bond stretch
as explained in Section 2.4.1. This critical bond stretch damage criteria had been
widely used in BB PD and had been applied in ordinary state-based peridynamics
(OSB PD) and NOSB PD [81, 116, 148]. The criteria is based on the initial position
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and the deformation. In terms of the critical bond stretch, it is assumed that when
the stretch, s, between two particles exceeds its critical stretch value, scr, damage
occurs.
A new damage model in implicit NOSB PD is proposed here based on the critical
bond stretch criterion. This damage model assumes that a crack begins to initiate
when the bond stretch exceeds the critical bond stretch, and the influence of this
bond on other bonds within the corresponding horizon is then removed. Therefore,
the force density vector of other bonds within the horizon will not be considered
anymore. However, to ensure optimum convergence of the global equilibrium equa-
tions, instead of vanishing the influence of the bond immediately, the best way is to
establish a degradation in the interaction of the bond as the bond stretch increases.
6.2.1 Damage model
In the classical PD material damage explained in Section 2.4, the bond force drops
abruptly to zero when the bond reaches its failure limit. This Prototype Microelastic
Brittle (PMB) material proposed by Silling and Askari [53] and has been widely
used for modeling fracture problems in elastic brittle materials with explicit time-
integration scheme. However, the discontinuity of the constitutive law prevents
a standard implementation of a Newton-Raphson type of algorithm as stated in
[36]. In this work, damage will be included for the first time within a NOSB PD
approach with an implicit solution scheme based on the Newton-Raphson (NR)
solution procedure. Recently, there have been initial attempts to include material
damage and failure for PD with implicit solution procedures. Two implicit static
solution procedures have been introduced by Tao Ni et al. [161] and this has been
implemented in BB PD. In this study, it is assumed that a term is proposed to be
added to the force vector-state given by Ts, the bond stiffness where
Ts =












smin is a value between 0 to scr and β is a positive constant value to control the rate
of degradation in the bond interaction, as shown in Figure 6.1. In this study, β = 3
is used and hence, the following new stabilised force vector-state is formulated as
follows:
T〈ξ〉 = ω(|ξ|)[σ0(F)]T B (x) ξ Ts + Tzω(|ξ|) Ts. (6.2)
In order to control stability in the simulation, no bonds can completely fail during
the equilibrium NR iterations. The bonds are removed after equilibrium has been
found and the contribution of the broken bonds to the global stiffness matrix has
to be removed. This is to stop oscillations occurring within the NR procedure due
to the load redistribution as bonds are removed from the analysis, i.e. a smooth
variation from intact to failed is obtained via equal Eq. (6.1). With the additional

























































































































































Figure 6.1: Scalar function to control the decrease of the bond force, Ts.
The details of this implicit NOSB PD algorithm are given in the flowchart as
shown in Figure 6.2. As shown, the following procedure is followed:
1. PD simulation starts from initialisation (parameter, mesh generation, interac-
tions search, and boundary conditions).
2. Identify smin and s value.
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3. Determine Ts and calculate the new force vector-state based, T〈ξ〉.
4. The equilibrium equation is solved with iterative update of the modified Ja-
cobian as in Eq. (6.4).
5. Bonds are allowed to fail after the convergence criterion is attained before















Update failed bond array








Figure 6.2: Flowchart of the NOSB PD implicit algorithm with material failure.
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6.3 Numerical examples
6.3.1 Plate with a hole
A rectangular plate with a circular hole in the centre is first considered. The left
and right ends of the plate were subjected to a horizontal displacement in opposite
directions (so that the plate is under tension) of 1 × 104 mm in 15 load steps as
illustrated in Figure 6.3. Layers of fictitious boundary particles were introduced
outside the actual material domain at the boundary region where the size of the
layer was equivalent to the horizon size and the Dirichlet boundary conditions (BC)
were imposed through the fictitious boundary layer. The plate initially had a length,
L of 150 mm and a width, W of 50 mm with radius of hole, r of 10 mm as shown in
Figure 6.3. The plate was made from material with a Young’s modulus of E = 210
GPa and Poisson’s ratio of ν = 0.33. The analysis assumes plane strain conditions.
To further quantify the effectiveness of the proposed implicit framework , different
values of the stabilisation parameter were used with the horizon radius, δ = 3.015∆x
and particle discretisations of 30 × 10 particles were used.
Figure 6.3: Plate with circular hole: geometry.
A surface plot of displacements in the x-direction when failure is not allowed
with 30 × 10 particles and without stabilisation is shown in Figure 6.4, resulting in
a unstabilised displacement field. This prediction exhibits zero-energy mode defor-
mation and oscillations in the form of displacement during quasi-static simulations.
The same problem was analysed with G = 0.01 and results are shown in Figure 6.5,
where horizontal displacement predictions are now free of any oscillations.
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Figure 6.4: Plate with circular hole: horizontal displacement plots (NOSB PD) when
failure is not allowed with 30 × 10 particles and G = 0.











Figure 6.5: Plate with a circular hole: horizontal displacement plots (NOSB PD)
when failure is not allowed with 30 × 10 particles with G = 0.01.
Damage is now incorporated and the critical stretch failure criterion is adopted,
with scr = 0.002 and smin = 0.0015. As illustrated in Figure 6.6, damage is plotted
with G = 0.01 at the end of the analysis. It can be seen that the modelling predicts
a wide damage area in terms of crack shape.








Figure 6.6: Plate with a circular hole: damage with 30 × 10 particles and G = 0.01
at the end of the analysis.
A finer grid spacing is now used for the same problem, with 150 × 50 particles.
Although most of the PD literature validate their proposed models by comparing
the shape of fracture patterns to assess the accuracy of PD based simulations, in
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this example, FEM analysis was used to verify the accuracy of the results obtained
by the proposed NOSB PD model. The variation of horizontal displacement along
the central axes when damage was not allowed is shown in Figure 6.7. The deter-
mination of the stabilisation parameter, G needs to be done before the damage is
considered. From Figure 6.7, it can be seen that increasing G from an initial value
of 0 visibly affects the displacements in the x-direction. The stabilisation method is
demonstrated to be effective on suppressing zero-energy modes as G is increased up
to G = 0.001. However, continuing to increase the value of G results in a domina-
tion of the stabilisation force density over the PD force density which subsequently
results in the increase of stiffness.



























BB PD (150 x 50)
NOSB PD (150 x 50) G = 1
NOSB PD (150 x 50) G = 0.01
NOSB PD (150 x 50) G = 0.001
NOSB PD (150 x 50) G = 0.0001
FEM
Figure 6.7: Plate with circular hole: variation of horizontal displacement along the
central axes when failure is not allowed with 150 × 50 particles.
Figure 6.8 shows the displacement plots without damage with G = 0.001, and
the damage plots when failure is allowed is shown in Figure 6.9. As expected, cracks
are initiated from the hole boundary and propagates towards the edges of the plate
and wiith decreasing particle spacing, the resolution of the crack is improved. The
failure progress of holed plates subjected to a horizontal displacement can therefore
be successfully predicted by the proposed implicit NOSB PD. Figures 6.10 and 6.11
show initial and final phases, respectively bonds that are still connected when failure
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is allowed. It is not surprising that once the bonds near the hole start breaking,
they extend towards the free edges of the plate.










Figure 6.8: Plate with a circular hole: horizontal displacement plots (NOSB PD)
when failure is allowed with 30 × 10 particles and G = 0.01.










Figure 6.9: Plate with a circular hole: damage plots (NOSB PD) when failure is
allowed with 150 × 50 particles and G = 0.001.
Figure 6.10: Plate with a circular hole: initial connected bonds.
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Figure 6.11: Plate with a circular hole: connected bonds due to crack propagation.
6.3.2 Plate with an initial crack
The second problem considered in this chapter is the behaviour of a square plate
with an existing crack. The plate at the beginning of the analysis had a length, L
of 50 mm with an existing crack of 10 mm, Young’s modulus of E = 192 GPa and
Poisson’s ratio of ν = 0.33 as shown in Figure 6.12. The top and bottom ends of
the plate were subjected to the displacement of 1.6× 10−5 in opposite directions in
15 load steps. In order to implement displacement boundary conditions (BCs), a
fictitious boundary layer was introduced outside the actual material domain at the
boundary region where the size of the layer was equivalent to the horizon size and
displacement BCs were imposed through the fictitious boundary layer as illustrated
in Figure 6.13. The analysis assumes plane strain conditions. The horizon radius
was set to δ = 3.015∆x and particle discretisations of 50 ×50 particles were used.
Damage was incorporated, and the critical stretch failure criterion was adopted,
with a critical stretch scr = 0.002 and smin = 0.0015.
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Figure 6.12: Plate with existing crack: geometry under slow stretch.
Figure 6.13: Plate with existing crack: geometry under slow stretch.
The value of the stabilisation parameter, G used in this example is G = 0.001,
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which is assumed to be the same as the previous examples since the particle spacings
and horizon size are the same. In Figure 6.14, the initial damage plots are shown
for the two different particle discretisations; 50 × 50 particles with horizon sizes,
δ = 3.015∆x and G = 0.001. Figure 6.15 show the final damage plots are shown
for particle discretisations; 50 × 50 particles. As expected, the crack emanates from
the existing crack at which high displacement gradients exist and propagates toward
the edges of the plate, as shown in Figures 6.15.
Figure 6.14: Plate with existing crack: initial damage plots (NOSB PD) with 50 ×
50 particles.
Figure 6.15: Plate with existing crack: final damage plots (NOSB PD) with 50 ×
50 particles.
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6.3.3 Cantilever beam with pre-existing crack
The final example shown in this chapter is of an elastic cantilever beam with a pre-
existing crack, as shown in Figure 6.16. The length and width of the beam were L
= 10 m and d0 = 1 m. The depth of the notch is 0.15 m vertically starting from
the upper surface of the beam. The notch is located at a distance of 9 m from the
free end of the beam. The cantilever beam was uniformly discretised with 5 × 50
particles. The beam was fixed at one end and subjected to a vertical mid-height
particle load on its free end. The horizon radius were selected as δ = 3.015∆x in this
problem, The optimum stabilisation parameters, G = 0.315 was chosen, as being
used in Section 5.2.4. The material parameters used were Young’s modulus, E = 12
MPa and Poisson’s ratio, ν = 0.2. In order to implement displacement constrains,
the fictitious boundary region were created with a width of 3.015∆x. The beam was
pinned at the fictitious boundary region at the mid-axis in both directions and roller
boundary conditions applied to other particles along the fictitious left-hand region,
allowing the structure to move only in the y-direction as shown in Figure 6.16. A
vertical load of 6 kN was applied in 10 load steps with a tolerance of 1×10−10 used
on the global normalised out of balance force. The loads are applied through a layer
of an actual particle on the right-hand region at the mid-axis, as shown in Figure
6.16.
Figure 6.16: Cantilever beam with pre-existing crack: geometry subjected to vertical
mid-side load.
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Figure 6.17 shows the model of a cantilever beam with a pre-existing crack. The
nodes shown in Figures 6.17 and 6.18 are PD nodes and the blue lines are the initial
bonds connecting particles. Figure 6.18 is an enlarged view near the crack region.
Figure 6.17: Cantilever beam with pre-existing crack: initial bond breakage.
Figure 6.18: Cantilever beam with pre-existing crack: zoomed-in initial bond break-
age.
The initial damage plot evaluated at each particle based on the broken bonds
are shown in Figure 6.19 and the final damage plot are shown in Figure 6.21, where
growth of the crack is close to straight in this case. Since the damage of each particle
is defined by the broken bonds in the particle’s horizon domain, with the increase
of particle spacing, the damage zone becomes wider.






Figure 6.19: Cantilever beam with pre-existing crack: initial damage plots.
The final crack initiatiation is shown in Figure 6.20. The blue lines in this Figure
6.20 represent the broken bonds
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Figure 6.20: Cantilever beam with pre-existing crack: final broken bonds due to
crack propagation







Figure 6.21: Cantilever beam with pre-existing crack: final damage plots (NOSB
PD).
In Figure 6.22, the load-displacement results predicted by the NOSB PD are
shown with horizon sizes and optimum stabilisation parameters, i.e. G = 0.315 with
δ = 3.015∆x at the midpoint of the free end with 5 × 50 particles.
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Figure 6.22: Cantilever beam with pre-existing crack: variation of vertical and
horizontal displacement at the midpoint of the free end.
With the identical load increment of 0.6 kN, the cantilever beam with pre-existing
crack can hold the external vertical load of 4.2 kN without any damage or broken
bond. While another two load increments are subsequently applied to the structure
one by one, the beam can still reach an updated equilibrium state each time, though
damage occurs along the notch end. The cantilever beam with pre-existing crack
would surely be able to hold lower external load than the perfect cantiliver beam.
Moreover, in a cantilever beam model with pre-existing crack, the section close to
the fixed end will share higher stress when subjected to the vertical load on its free
end will weaken the loading capacity of the structure to a much greater extent.
6.4 Observations
In this chapter, the development of NOSB PD for large deformation with an implicit
time integration scheme with the prediction of damage has been introduced. A new
damage model in implicit NOSB PD is proposed based on the critical bond stretch,
therefore instead of vanishing the influence of bond immediately, a degradation in
the interaction of bond has been established as the bond stretch increases.The de-
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velopment of the Jacobian matrix based on the analytical expression of the equation
of motion of NOSB PD with the damage model and inclusion of degradation in the
bond interction were also explained. The method was then demonstrated with an
examples to validate the effectiveness of this approach (different value of G) with
(FEM) results. The approach developed in this chapter has been shown to model
damage with and without pre-existing crack.
Chapter 7
Conclusions
Numerical modelling of damage and failure remains challenging due to the inherent
limitation of classical continuum mechanics (CCM). On the other hand, peridynam-
ics (PD) method is an attractive way to handle discontinuities based on integral
equilibrium equations naturally. In this thesis, a NOSB PD method has been devel-
oped with a stabilised correspondence model as a method with potential for use to
handle both large deformations and crack propagation. In previous work, a signifi-
cant proportion of research in PD has been found to be focused on explicit integra-
tion scheme since this scheme is more straightforward to implement. However, the
implicit approach offers obvious advantages, including the allowance of larger load
steps, and improvement of error control. With these advantages in mind, an implicit
non-ordinary state-based peridynamics (NOSB PD) method has been implemented
for the first time for large deformation problems. This NOSB PD has been combined
with stabilised correspondence model with the aim of introducing additional forces
into the PD formulation to overcome zero-energy mode problems. The overview
and motivation of this thesis have been introduced in Chapter 1. Chapter 2 has
presented the background of PD, providing an in-depth review of the method, a
summary of the development in PD since its inception and published literature of
both bond-based peridynamics (BB PD) and non-ordinary state-based peridynamics
(NOSB PD). The idea of the PD method in the simplest way has been summarised
in this chapter, as well as describing current known issues in NOSB PD, such as
zero-energy modes. The BB PD formulation has been introduced and implemented
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as a base for the following chapters, followed by an example to demonstrate the BB
PD formulation. The main contributions of this thesis are contained in Chapter 3
through Chapter 6. In the following, the important points and main conclusions of
each contributing chapter are summarised.
The explicit non-ordinary state-based peridynamics
In Chapter 3, the BB PD has been extended to the non-ordinary state-based peri-
dynamics (NOSB PD) in order to overcome the limitation of a fixed Poisson’s ratio
in BB PD. The conventional BB PD has been implemented first. However, the ma-
jor problem associated with the BB PD is the difficulties on adapting constitutive
models into the BB PD framework since its limitation on its fixed effective Pois-
son’s ratio. The NOSB PD implementation has, therefore, been employed, where
the issue of zero-energy modes has been addressed, where oscillations exist in the
NOSB PD solutions. Adaptive dynamic relaxation (ADR) method has been used
to guide the solution into the steady-state regime as fast as possible. In addition,
the comparison in terms of converging rate has been studied, where the ∆t = 1 and
∆t = 10 performs better as the results are converging faster and stably than the
other, as suggested in [81]. The NOSB PD method has been demonstrated with a
numerical example showing agreement with an analytical solution and convergence
with increasing degrees of freedom. Numerical examples demonstrate the smaller
errors induced by, the finer particles’ discretisation. The implementation of BB PD
and NOSB PD with the introduction of bond failure has been validated using the
numerical example to model damage without a pre-existing crack.
Implicit NOSB PD for small deformation analysis
In Chapter 4, the development of NOSB PD with an implicit time integration
scheme based on numerically constructed tangent problems has been introduced.
The global stiffness matrix based on the numerical expression of the equation of
motion of NOSB PD was also explained. The method was then demonstrated with
numerical examples to validate the effectiveness of this approach where analytical
results exist, and it has been demonstrated that it can provide good results. Re-
sults from these examples show for a given particle spacing; a smaller horizon size
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shows greater accuracy with no control on the zero-energy modes. A comparison
of implicit and explicit approaches for peridynamics in solid mechanics focusing on
quasi-static problems with large deformations has been presented for the first time
using the non-ordinary state-based framework. Both implicit and explicit method
predicts the same response. However, implicit time integration with numerically
constructed tangent stiffness allows, compared to the techniques based on explicit
dynamic relaxation, a reduced computational time.
Stabilised NOSB PD for large deformation analysis
In Chapter 5, an implicit approach of NOSB PD for quasi-static problems with
large deformation mechanics with an analytically constructed tangent stiffness has
been developed. The numerical implementation of the Jacobian matrices of NOSB
PD with a correspondence continuum models for both the unstabilised and stabilised
versions [12] have been highlighted in this chapter. A variety of numerical examples
subjected to large deformation have been used to assess the accuracy of the method
with the inclusion of different stabilisation parameters, to validate the effectiveness of
this approach where analytical solutions exist. Results from the numerical examples
have shown, horizon sizes, particle spacing and the problem itself appear to be
related to the optimum value of G. The results indicated that for a given particle
spacing, a smaller horizon size shows greater accuracy with no control on the zero-
energy modes. The proposed stabilised correspondence material model allows the
boundary condition to be used and bounds for values of the stabilisation parameter
G has been observe to ensure stability. Additionally, it has been shown that the
value of the optimum stabilisation parameter G used in this chapter is a positive
constant less than 1, which has also been suggested by Silling in [12].
Damage in implicit NOSB PD model
In Chapter 6, the NOSB PD with implicit time-integration has been extended
to model crack propagation. A modified analytically constructed Jacobian has been
introduced in order to study crack propagation problems together with the inclu-
sion of stabilisation parameters. In order to ensure optimum convergence of global
equilibrium equations, a degradation in the interaction of the particles has been em-
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ployed and in order to control accuracy in the simulation, no bonds are allowed to
fail during the iterative procedure. Some numerical examples, have been analysed to
validate the proposed methods. A quasi-static deformation and fracture problems
in the form of a a plate with hole has been analysed with the present approach,
and compared with the finite element predictions when failure is not allowed. In
addition, the comparison in terms of horizontal displacement has been studied with
inclusion of different stabilisation parameter G. It was demonstrated that increas-
ing the value of G offers an acceptable results, suppressing the numerical oscillation
of responses and reflecting an effective approach. However, continuing to increase
the value of G results in domination of the stabilisation force density over PD force
density, which results in the increase of stiffness. The implicit NOSB PD imple-
mentation has, therefore, been employed, where the issue of zero-energy modes has
been addressed, where oscillations exist in the NOSB PD solutions. In addition, the
proposed approach demonstrates its capability of predicting the crack initiation and
propagation problems.
7.1 Recommendations and future works
Based on the work undertaken in this thesis, a number of areas could be usefully
explored to provide important insights for future research and development. Some
of the points are listed below:
• An additional force based on the nonlocal deformation gradient proposed in
[12] has been added to the original NOSB PD force states to overcome insta-
bility problem due to zero-energy modes in numerical simulations. However,
the determination of the additional force still requires stabilisation parame-
ter adjustment, depending on the horizon sizes, particle discretisations and
the problem itself. This chosen value of the stabilisation parameter influences
the extent of suppression of zero-energy modes and thereby the quality of the
solution too. Certainly, to circumvent the instability issue, some other ways
could also be considered to make a comparison in terms of accuracy, such as
a stress-point method [118].
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• Damage has been introduced into the PD model by permitting the bonds be-
tween particles to break irreversibly. Breakage occurs when a bond is stretched
beyond some prescribed critical amount. This thesis has provided examples
of damage based on the critical bond stretch that is followed widely in the
PD literature. However, it would be interesting to see the performance of the
other damage criteria such as critical energy, critical strain, and critical stress
[7, 65, 146] for the proposed implicit NOSB PD.
• Geometric non-linearity has been modelled using the proposed NOSB PD in
some problems in this thesis, which gives the structural response under ex-
tremely large external loads or low stiffness. The proposed NOSB PD can be
further applied to material non-linearity.
• All numerical examples demonstrated in this thesis have two-dimensional ge-
ometries. Extending the numerical analyses using NOSB PD to three dimen-
sions which is more realistic and challenging can be further explored.
• There was no emphasis on optimising specific algorithms or parallelisation for
use in this thesis. However, simulating three dimensions and real-life problems
using PD requires tracking of millions of PD particles over a sufficient time
period, due to the non-local nature of PD. Implementing the implicit NOSB
PDmethod in a massively parallel computational code could also be considered
in further study.
• An approach to couple implicit stabilised nordinary state-based peridynamics
(NOSB PD) with finite element method (FEM) can be further explored pro-
posed. The coupling method can provide an accurate result and at the same
time greatly reduces computational cost for any problems involving damages.
7.2 Final thoughts
It is hoped that the ideas presented in this thesis would be a fruitful area for fur-
ther research and in the future, the findings of this study would have a number of
important implications in some capacity to the progress of the NOSB PD method.
Appendix A
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A.1 Material tangent modulus
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and determined as a particular case of the derivative of symmetric second order
isotropic tensor function by a symmetric second order argument where Qabcd can
be determined as a particular case of the derivative of a general symmetric second
order tensor argument (see Miehe [162] for details). Derivative in the second term




where the Deipab must be write in four by four matrix notation . Derivative in the













= Fdgδkcδgn + Fcgδkdδgn
= Fdnδkc + Fcnδkd,
(A.1.5)
where δkc denotes the Kronecker delta tensor with the following properties
δkc = 1 if k = c, δkc = 0 if k 6= c. (A.1.6)
From the relation for the derivative of the inverse of a tensor given in the literature,





= (−(F−1)mk(F−1)np)T . (A.1.7)
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